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Abstract

Quantile regression is widely used to study heterogeneous effects of covariates across

the outcome distribution. However, standard estimators such as Koenker and Bassett’s

often violate fundamental shape restrictions implied by probability or economic theory,

including the non-crossing property of conditional quantile functions, the monotonicity

of production output with respect to inputs, and the monotonicity of equilibrium bid-

ding strategies in structural auction models. Such violations can produce theoretically

inconsistent estimates and undermine downstream analysis.

We develop a framework for shape-constrained quantile regression based on a vari-

ational formulation. This approach uses an infinite-dimensional linear program to

characterize the quantile coefficients, enabling the imposition of restrictions—such as

global non-crossing, derivative-based inequalities, and covariate monotonicity—across

the entire continuum of quantiles. A computationally feasible estimator is obtained via

finite-dimensional approximation, and its asymptotic properties are established.

Monte Carlo simulations show that the proposed estimator improves upon both

classical and existing non-crossing approaches. In an application to U.S. timber auc-

tions, it yields smooth, theory-consistent estimates of bid and valuation distributions

and bidding strategies, in contrast to conventional methods that often violate basic

economic restrictions.
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1 Introduction

Quantile regression provides a way to study how covariates affect the entire distribution of an

outcome, not just its mean. This makes it a powerful tool for analyzing heterogeneous effects.

In the case where conditional quantiles are assumed to be linear in covariates, Koenker and

Bassett (1978) (KB) proposed an estimator that can be computed efficiently as a linear

program. Their estimator has become a cornerstone of applied work in econometrics and

statistics.

Despite its popularity, the KB estimator suffers from the quantile crossing problem.

In theory, quantiles are ordered by construction: the 60th percentile should always exceed

the 40th percentile. Yet in finite samples, the estimated conditional quantile curves from

KB’s method may violate this ordering. These crossings produce quantile functions that

are not monotone, and thus inconsistent with any valid probability distribution. When

this happens, the resulting estimates are hard to interpret and potentially misleading for

distributional analysis.

The non-crossing property is just one example of a shape restriction. In many economic

applications, theory dictates additional restrictions of this kind. For example, in production

analysis, output should be increasing in inputs such as labor or capital, regardless of the

level of production shocks. In first-price sealed-bid auction models with independent private

values, it is well-known that the unique symmetric Bayesian-Nash equilibrium bidding strat-

egy is increasing in bidders’ valuations. These structural properties hold at the population

level, but standard quantile regression estimates need not respect them. When they fail to

do so—for example, producing a production function that decreases with labor—estimation

results become difficult to interpret.

A large literature addresses these issues by incorporating shape restrictions into quantile

regression estimation. For the quantile crossing problem, approaches include rearrangement

of estimated quantiles (Dette and Volgushev (2008), Chernozhukov et al. (2010)), as well as

constrained versions of the KB estimator that impose monotonicity across a grid of quantiles

(Bondell et al. (2010)). For restrictions involving covariates, Koenker and Ng (2005) and

Parker (2019) study linear quantile regression under affine constraints.

Still, enforcing non-crossing—a minimal requirement implied by probability theory—

together with other structural restrictions remains challenging. Rearrangement methods

can ensure non-crossing but may undo other imposed restrictions. Moreover, when the

conditional quantile function is linearly specified, rearrangement destroys this structure,

making the estimated coefficients difficult to interpret. Constrained estimators provide more

flexibility but do not accommodate certain economically relevant conditions, such as the
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monotonicity of bidding strategies in auctions, which involves the derivative of the conditional

quantile function with respect to the quantile index. These gaps motivate the search for a

more general framework that can handle a broad class of shape restrictions within quantile

regression.

To tackle this problem, we consider a variational characterization of quantile regression

coefficients, which is originally introduced by Carlier et al. (2016), Carlier et al. (2017), and

Carlier et al. (2020). Specifically, we formulate a linear program (LP) defined by the joint

distribution of the observed variables. The LP is infinite-dimensional, involving functional

variables, and it is known that a solution to the LP is given by an antiderivative of the

quantile regression coefficients, viewed as a function of the quantile index.

Our first contribution is to show that this solution is (essentially) unique. Beyond its

theoretical significance, this property yields a new identification of the quantile regression

coefficients: they are given by the derivative of the LP solution. This framework identifies

the coefficients jointly as a function of the quantile index, in sharp contrast to the classical

approach that estimates them separately at each quantile by minimizing the check loss

function.

It is natural in this framework to construct an estimator of the quantile regression

coefficients by taking the derivative of the solution to the finite-sample counterpart of the

LP. On its own, however, such an estimator does not necessarily respect economically or

probabilistically motivated shape restrictions. These can be incorporated directly by adding

suitable linear constraints to the LP. A key advantage of our formulation is that it treats the

quantile regression coefficients as a function of the quantile index, rather than as separate

quantities estimated point by point. This functional perspective makes it possible to impose

restrictions that extend across the entire continuum of quantile levels. For example, the non-

crossing condition can be enforced globally, not just on a finite grid as in Bondell et al. (2010)

and Ando and Li (2025). By embedding this global restriction into the estimation procedure,

we incorporate more information about the structure of the underlying distribution. As

a result, our method is expected to deliver superior finite-sample performance compared

to existing estimators. Numerical simulations in Section 5 confirm this expectation: our

estimator recovers the quantile regression coefficients more accurately than both the original

KB estimator and the non-crossing estimator of Bondell et al. (2010).

Likewise, because the coefficients are viewed as a function on the whole interval, it

becomes straightforward to impose linear restrictions on their derivatives. Such restrictions

are relevant to the auction example. The monotonicity of the equilibrium bidding strategy

implies a functional inequality of the quantile regression coefficients and their first-order

derivatives. If conditional quantiles are considered only on a grid, it is not easy to impose
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restrictions on derivatives, which highlights another advantage of using our estimator. It is

also worth noting that rearrangement-based approaches cannot accommodate these deriva-

tive constraints.

In addition to restrictions across quantiles, our framework naturally allows for linear

restrictions with respect to covariates. For example, in production analysis, monotonicity

of the production function in input variables translates into monotonicity of conditional

quantiles with respect to those covariates. By embedding covariate-based constraints directly

into the LP, our method provides a unified way to enforce both cross-quantile and cross-

covariate restrictions, thereby enhancing the interpretability and economic relevance of the

resulting estimates.

A key challenge in computing our estimator is that the LP is infinite-dimensional and

therefore cannot be solved directly. To overcome this, we approximate the problem by re-

stricting attention to a finite-dimensional functional space that serves as a sieve for the set

of quantile regression coefficient functions. Instead of minimizing the LP objective over the

entire infinite-dimensional space, we minimize it over this approximating space, which re-

duces the problem to an LP with finitely many variables. While the resulting program still

contains infinitely many constraints, it falls within the class of semi-infinite programming

problems—LPs with finite-dimensional variables and infinite-dimensional constraints—for

which well-developed solution methods exist (e.g., Shapiro (2009)). We implement the esti-

mator using a discretization-based algorithm, as detailed in Section 3.

One of the main theoretical contributions of this paper is to establish the convergence of

the finite-dimensional approximation scheme. We develop the duality theory for the infinite-

dimensional LP that characterizes the quantile regression coefficients and show that the

duality properties are preserved under approximation. This structure allows us to prove

that the estimator obtained from the finite-dimensional LP is (locally) uniformly consistent

for the true quantile regression coefficients. Furthermore, under the assumption that the

approximation is exact, we establish the asymptotic normality of the estimator.

It is also possible to view our estimator as a sieve extremum estimator, for which large-

sample properties are well established in the literature (Chen (2007)). In that framework,

consistency typically requires conditions on the growth rate of the sieve dimension relative to

the sample size. By contrast, our approach exploits the duality structure of the underlying

LP, which allows us to establish uniform consistency without imposing such rate restrictions.

In other words, the estimator remains consistent regardless of how quickly or slowly the

approximation degree grows.

That said, the choice of approximation degree is not innocuous for convergence rates.

An approximation space that is too small may introduce bias, while an excessively large one
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may lead to slower rates. We conjecture that there exists an optimal degree of approxima-

tion depending on the sample size, but characterizing this tradeoff—as well as deriving the

corresponding asymptotic distribution in a fully nonparametric setting—is beyond the scope

of this paper and left for future research.

In Section 6, we apply our estimator to a first-price sealed-bid auction model using data

from timber auctions. While the literature on structural estimation of auction models is

extensive, most existing methods ignore either the non-crossing condition of bid or valuation

distributions, the monotonicity of the equilibrium bidding strategy, or both. As illustrated

in Section 1.1 through numerical simulations, estimators that do not impose these shape

restrictions frequently violate them in finite samples. By contrast, our estimator enforces

these constraints by construction, ensuring that the estimated quantile regression coefficients

are consistent with the economic model and facilitating reliable structural analysis.

Finally, we discuss relevant studies. A large body of work addresses the quantile cross-

ing problem. For linear heteroscedastic models, He (1997) proposes a non-crossing estimator

of quantile regression coefficients. For nonparametric conditional quantile functions, Dette

and Volgushev (2008) and Chernozhukov et al. (2010) develop the quantile rearrangement

technique. Bondell et al. (2010) consider minimizing a weighted sum of check loss functions

subject to the non-crossing condition over a grid of quantiles. Building on this idea, Ando

and Li (2025) derive a more convenient representation of the linear quantile model and pro-

pose a non-crossing estimator. Koenker and Ng (2005) and Parker (2019) consider linear

quantile regression models with affine constraints, but their frameworks do not accommodate

shape restrictions across the quantile index, such as non-crossing. Some studies, including

Kitahara et al. (2021) and Dai et al. (2023), explore methods that simultaneously circum-

vent quantile crossing and impose other shape restrictions; however, they do not provide

theoretical guarantees.

Our approach relies on the variational characterization of quantile regression coefficients

developed in Carlier et al. (2016), Carlier et al. (2017), and Carlier et al. (2020). This

framework formulates (vector) quantile regression from the perspective of optimal transport

theory (see Villani (2003), Villani (2009)). While their focus is on the identification of

quantile regression coefficients, we develop a practical estimation method and establish its

theoretical guarantees.

The structural estimation of first-price sealed-bid auctions has also received extensive

attention since Guerre et al. (2000). We adopt the linear quantile regression specification

proposed by Gimenes and Guerre (2022), whereas Marmer and Shneyerov (2012) consider a

nonparametric version of a similar model. Luo and Wan (2018), Pinkse and Schurter (2019),

and Ma et al. (2021) explore constrained estimation of the valuation distribution using the
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quantile rearrangement. Our paper is closely related to Henderson et al. (2012), as both

approaches enforce monotonicity of the bidding strategy. However, the methods differ fun-

damentally: Henderson et al. (2012) develop an estimator using constraint-weighted boot-

strapping (Hall and Huang (2001)), whereas our approach imposes the restriction through a

functional LP framework.

1.1 Motivating Example

We begin with a simple example to illustrate that unconstrained estimators can produce

results inconsistent with economic theory in first-price auction models.

Suppose an econometrician observes data from first-price sealed-bid auctions ℓ = 1, . . . , L,

each with i = 1, . . . , I risk-neutral bidders. Let Zℓ denote a one-dimensional auction-specific

characteristic for simplicity, and Bℓi the bid of bidder i in auction ℓ. The econometrician

observes ((Zℓ, Bℓ1, . . . , BℓI))1≤ℓ≤L, assumed to be independent across auctions. Section 6

allows for multiple covariates.

We adopt the independent private value paradigm: each bidder draws a private value

independently and submits a bid based solely on their own value. The valuation distribution

FV (· | z) conditional on auction characteristics z is assumed to be common knowledge.

Let FB(· | z) and fB(· | z) denote the conditional distribution and density of bids. It

is well-known that a unique symmetric Bayesian-Nash equilibrium bidding strategy exists

and is strictly increasing in private values (e.g., Athey and Haile (2007)). Specifically, the

equilibrium strategy is given by the inverse of the map

ξ(b | z) = b+
FB(b | z)

(I − 1)fB(b | z)
,

which is strictly increasing in b at equilibrium. Note that ξ(b | z) gives the private value

of a bidder whose bid is b. It is not hard to check that the conditional quantile function of

valuations, QV (· | z), satisfies

QV (u | z) = ξ(QB(u | z) | z) = QB(u | z) + u

I − 1
(DuQB(u | z)) , (1)

where QB(· | z) is the conditional quantile function of bids and Du denotes the derivative

with respect to u.

Our goal is to estimate the distribution of private values. For this purpose, most papers

take two steps: first, estimate the conditional distribution of bids B given Z; second, plug
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the resulting estimate Q̂B into (1) to obtain

Q̂V (u | z) = Q̂B(u | z) + u

I − 1

(
DuQ̂B(u | z)

)
.

Quantile regression models are often used in the first step. For example, Marmer and

Shneyerov (2012) consider nonparametric quantile regression, while Gimenes (2017) and

Gimenes and Guerre (2022) propose linear models. Following Gimenes and Guerre (2022),

we adopt a linear quantile regression specification:

QB(u | z) = β0(u) + zβ1(u). (2)

This linear specification avoids the curse of dimensionality when multiple covariates are

considered, as we do in Section 6, unlike nonparametric approaches.

By definition, the quantile functions QB(· | z) and QV (· | z) are increasing. Thus,

their estimates, Q̂B and Q̂V , should also satisfy the same monotonicity. Otherwise, not only

would it be difficult to interpret them as valid probability distributions, but the estimator

ξ̂ = Q̂V ◦ Q̂−1
B of the inverse bidding strategy could be non-monotone or even ill-defined.

Such behavior would represent a deviation from the underlying economic model.

Nevertheless, unconstrained estimators frequently violate these conditions. To illustrate

this, we apply the local polynomial estimator of Gimenes and Guerre (2022) to the model

(2) under a simple data generating process (DGP):
I = 2, L = 107

Zℓ ∼ U [0, 1] for ℓ = 1, . . . , 107

Vℓi | Zℓ ∼ U [Zℓ, Zℓ + 2] for i = 1, 2 and ℓ = 1, . . . , 107

.

A reasonable interpretation of this DGP is that the valuation of bidder i at auction ℓ is the

baseline value Zℓ plus an independent idiosyncratic shock drawn from U [0, 2]. In this case,

the equilibrium inverse bidding strategy is

ξ(b | z) = 2b− z if z ≤ b ≤ z + 1,

and the bid distribution is

Bℓi | Zℓ ∼ U [Zℓ, Zℓ + 1] for i = 1, 2 and ℓ = 1, . . . , 107.

Here, L = 107 mirrors the timber auction dataset analyzed in Section 6.
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We generate datasets t = 1, . . . 1000 from the DGP and compute the estimates Q̂GG
B (· | z)

and Q̂GG
V (· | z) of Gimenes and Guerre (2022)1 in each iteration. For each dataset t, we record

the number of auctions where the estimated conditional quantile functions are not increasing:

NGG
B,t := #{ℓ = 1, . . . , L | Q̂GG

B (· | Zℓ) is not increasing},

and (3)

NGG
V,t := #{ℓ = 1, . . . , L | Q̂GG

V (· | Zℓ) is not increasing},

for t = 1, . . . , 1000.

Figure 1 shows histograms of NGG
B,t and NGG

V,t . Quantile crossings occur frequently,

especially for the valuation estimates. Remarkably, in a substantial number of iterations,

crossings appear in all auctions, highlighting a severe violation of monotonicity. For bids,

crossings are less frequent but still occur in nearly ten percent of simulations, which remains

a non-negligible concern.

Figure 1: The histograms of the number of auctions with quantile crossings in the estimates
of Gimenes and Guerre (2022). The left panel is the histogram of NGG

B,1 , . . . , N
GG
B,1000, the

number of auctions with quantile crossings in the estimated bid distribution. The right
panel is the histogram of NGG

V,1 , . . . , N
GG
V,1000, the number of auctions with quantile crossings

in the estimated valuation distributions.

1We use the degree of the local polynomial d = 2 and the bandwidth h = 0.3 as Gimenes and Guerre (2022)
suggest.
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Our method can enforce the monotonicity directly within the estimation of the bid

quantile regression. As a result, the estimated bid and valuation quantile functions, as well

as the implied bidding strategy, are increasing for any auction-specific characteristics.

Before turning to formal results, Figure 2 provides a preview of how our estimator

performs relative to Gimenes and Guerre’s estimator in recovering the conditional quantile

functions of bids and valuations at covariate values z ∈ {0.1, 0.5, 0.9} for a representative

simulated dataset. Both methods successfully recover the shape of the bid quantiles, demon-

strating comparable performance in this dimension. The contrast is much clearer in the valu-

ation quantile functions. While Gimenes and Guerre’s estimator produces roughly increasing

valuation quantile functions for lower covariate values, it exhibits severe non-monotonicity

when z = 0.9. By construction, our estimator ensures that both the bid and valuation quan-

tile functions are increasing for any z. Moreover, due to the imposed shape constraints, our

estimator yields a closer approximation to the true conditional quantile functions.

Figure 2: The conditional quantile functions of bids and valuations. The top panels show
the truth (grey dotted), Gimenes and Guerre’s estimate (blue dashed), and our estimate
(red solid) of the conditional quantile function QB(· | z) of bids for z ∈ {0.1, 0.5, 0.9}. The
bottom panels show the same for the conditional quantile function QV (· | z) of valuations.

Finally, it is worth mentioning that rearranging the unconstrained estimates of the

conditional quantiles QB(· | z) and QV (· | z) is not a satisfactory solution. Such rearranged

estimates lose the linear structure (2) and violate the model-based identity (1), leading to

inconsistencies not only with the underlying economic model but also with the statistical
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model implied by the linear quantile regression specification.

2 Variational Characterization of Quantile Regression

2.1 The Model

We have i.i.d. observations (Yi, Zi) for i = 1, . . . , n, where Yi is a scaler random variable and

Zi is a q-dimensional non-degenerated random vector. Let Xi := f(Zi) be a p-dimensional

vector of regressors where f is a prespecified transformation of Zi. We assume that the first

component of Xi is one. Let Y ⊂ R, Z ⊂ Rq, and X ⊂ Rp be the support of Y, Z, and X,

respectively. Throughout the paper, we assume E[Y 2
i ] + E[∥Xi∥2] <∞.

For u ∈ (0, 1), let QY |X(u | x) be the u-th conditional quantile of Y given X = x. It is

well-known that the conditional quantile solves the following minimization problem

QY |X(u | x) ∈ argmin
q∈R

E [ρu(Y − q) | X = x]

where ρu : R → R is the check function defined as ρu(ε) := ε(u− 1{ε < 0}).
The conditional quantile function is commonly assumed to be linear in x, i.e., QY |X(u |

x) = x′β(u) for quantile regression coefficient β : (0, 1) → Rp. In this case, the function β is

characterized as

β(u) ∈ argmin
β∈Rp

E [ρu(Y −X ′β)] . (4)

However, the minimization problem makes sense for a generic distribution FY X even when

the linearity assumption does not hold. In what follows, we refer to the solution β to (4) as

the quantile regression coefficient, regardless of whether linearity is satisfied.

In general, the map u 7→ x′β(u) is not equal to the conditional quantile function QY |X(· |
x). Nevertheless, Angrist et al. (2006) show that the map is the best linear approximation of

the conditional quantile function under a weighted mean-square error. This result justifies

regarding the map u 7→ x′β(u) as a surrogate object of the conditional quantile function

without the linearity assumption.

The main object of this paper is the quantile regression coefficient β. Throughout the

paper, we focus on cases where the set of minimizers is singleton for all u ∈ (0, 1).

Assumption QR. For u ∈ (0, 1), there exists a unique solution to (4).

Assumption QR is usually adopted in the literature on quantile regression under mis-

specification; see, e.g., Kim and White (2003) and Angrist et al. (2006). Sufficient conditions

for Assumption QR are given by Kim and White (2003) and Carlier et al. (2016).
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A fundamental feature of the conditional quantile is that QY |X(· | x) is non-decreasing.
This is a critical requirement for the conditional distribution of Y given X = x to be well-

defined. However, it is not automatically satisfied for the linear approximation, which makes

the interpretation of the map u 7→ x′β(u) less trivial. To avoid this, we assume the following,

which is a key assumption of this paper.

Assumption QL. The joint distribution FY X satisfies the quasi-linearity, that is, (0, 1) ∋
u 7→ β(u) is continuous and (0, 1) ∋ u 7→ x′β(u) is strictly increasing for each x ∈ X .

The term, quasi-linearity, is taken from Carlier et al. (2016). Ando and Li (2025) refer

to this property as the approximate linearity. Assumption QL forces the linear approxima-

tion not to face the quantile crossing problem. Clearly, Assumption QL is satisfied if the

conditional quantile function QY |X(u | x) is linear in x, i.e.,

QY |X(u | x) = x′β(u), (5)

and it is strictly increasing in u.

Assumption QL allows for misspecification in the sense that it also accommodates non-

linear conditional quantile functions as the following lemma shows.

Lemma 2.1. Suppose that β̃ : (0, 1) → Rp is a continuous function such that v 7→ x′β̃(v)

is strictly increasing for all x ∈ X . Let U be a continuous random variable drawn from a

probability measure µ supported on an interval U ⊂ R. Let g : U × [0, 1] → R be a continuous

function such that u 7→ g(u,w) is strictly increasing for all w ∈ [0, 1]. Consider the data

generating process

Y = X ′β̃(g(U, |Z|)), (Z,U) ∼ U [−1, 1]⊗ µ

where X = (1, Z)′. Then, the conditional quantile function QY |X(u | x) = x′β̃(g(u, |z|)) of Y
given X = x is nonlinear in x in general. However, the quantile regression coefficient of the

joint distribution of (Y,X) is given by β = β̃ ◦ F̃−1, where F̃−1 is the quantile function of

g(U, |Z|), and as a result, it satisfies Assumption QL.

More concretely, let us consider the DGP

Y = (2− Z)(|Z|+ 1)U, (Z,U) ∼ U [−1, 1]⊗ U [0, 1]. (6)

Lemma 2.1 implies that Assumption QL is satisfied with β(u) = QU [1,2]⊗U [0,1](u)(2,−1)′,

where QU [1,2]⊗U [0,1](·) is the quantile function of U [1, 2] ⊗ U [0, 1]. Figure 3 shows a scatter

plot of n = 1000 i.i.d. observations drawn from (6) as well as the conditional quantile curves
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z 7→ QY |Z(u|z) and the linear approximation z 7→ (1, z)β(u) for u = 0.25, 0.5, 0.75. We

observe that the conditional quantile curves, drawn in dashed red, are highly nonlinear. The

linear approximation, drawn in solid blue, does not encounter the quantile crossing problem,

as Lemma 2.1 predicts.

Figure 3: The red dashed lines represent the conditional quantile curves of the data generat-
ing process (6) for u = 0.25, 0.5, 0.75. The blue solid lines represent the linear approximation.
The green dots represent the observed data points.

Heuristically, the quasi-linearity requires that the covariate transformation f is suffi-

ciently rich. For example if it includes higher-order polynomials, then the true conditional

quantile function QY |X(· | x) can be well approximated by x′β(·) for some β. Since QY |X(· | x)
is increasing, it is expected that its linear approximation x′β(·) to be approximately increas-

ing as well. A violation of Assumption QL may therefore indicate that the transformation f

is not rich enough to capture the essential features of the true conditional quantile function.

We end this subsection with the probabilistic representation of the quasi-linearity. First,

recall that if the conditional quantile function is linear in x, then the joint distribution of

(Y,X) admits a probabilistic representation

Y = X ′β(U), U | X ∼ U [0, 1]

for some uniform random variable U. Assumption QL has a similar representation. Before
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showing it, we need to introduce a regularity condition that is largely maintained through

the rest of the paper.

Assumption LS. The conditional distribution Y | X = x admits a continuous density

fY |X(· | x) such that the set X0 :=
{
x ∈ X | fY |X(x

′β(u) | x) > 0 for all u ∈ (0, 1)
}
satisfies

FX(X0) > 0.

Assumption LS is a relaxation of the following condition. This is commonly imposed in

the literature including Koenker and Bassett (1978) and Kim and White (2003).

Assumption LS’. The conditional distribution Y | X = x admits a continuous density

fY |X(· | x) such that fY |X(x
′β(u) | x) > 0 for all u ∈ (0, 1) and FX-almost all x.

Assumption LS’ is more demanding than Assumption LS since it requires FX(X0) =

1. The difference between these two assumptions can be crucial. For example, the DGP

considered in (6) below satisfies Assumption LS but not Assumption LS’.

Now, we are ready to obtain the probabilistic representation of the quasi-linearity. The

following is a slight generalization of Carlier et al. (2016).

Lemma 2.2. Under Assumptions QR, LS, if Assumption QL holds, the random variable

Ū := (X ′β(·))−1(Y ) satisfies

Ū ∼ U [0, 1] and E[X | Ū ] = E[X].

Conversely, if there exist a continuous function β̄ : (0, 1) → Rp and a random variable

Ū ∼ U [0, 1] such that ū 7→ x′β̄(ū) is strictly increasing for all x ∈ X ,

Y = X ′β̄(Ū), and E[X | Ū ] = E[X],

then β = β̄ holds, and as a result, Assumption QL is satisfied.

Lemma 2.2 shows that Assumption QL requires X to be mean-independent of Ū =

(X ′β(·))−1(Y ), that is, E[X | Ū ] = E[X]. In contrast, the linearity assumption (5) im-

poses the stronger condition U ⊥⊥ X. Since independence implies mean independence, this

relationship confirms that linearity is a sufficient condition for quasi-linearity.

2.2 Identification under Quasi-Linearity

We first introduce an assumption on the covariate distribution

Assumption FR. E[XX ′ | X ∈ X0] exists and is full-rank.
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Assumption FR seems not standard in the literature, but under Assumption LS’, it

reduces to the following condition, which is common in regression analysis.

Assumption FR’. E[XX ′] exists and is full-rank.

Although the full-rankness of E[XX ′] is weaker than that of E[XX ′ | X ∈ X0], Assump-

tion FR is fairly weak. It is satisfied, for example, if X0 is not contained in any affine space

of dimension p− 2.

In many propositions throughout this paper, Assumptions LS and FR are imposed si-

multaneously. These propositions remain valid if Assumptions LS’ and FR’ are used instead.

The two sets of assumptions involve a trade-off: Assumption LS is weaker than Assumption

LS’, while Assumption FR is stronger than Assumption FR’. We choose to work with the

first pair because the practical benefit of Assumption FR’ over Assumption FR appears lim-

ited. On the other hand, Assumption LS’ does not accommodate our important example (6)

discussed in the previous subsection, which is covered by Assumption LS.

Under the quasi-linearity, we have a variational characterization of the quantile regres-

sion coefficient within the framework developed by Carlier et al. (2016).

Lemma 2.3. Suppose that Assumptions QR, QL, LS hold. The infinite-dimensional linear

program (LP)

inf
ψ∈C(X×Y)

σ∈(C([0,1])∩L1
0[0,1])

p

∫
ψdFY X

s.t. uy ≤ ψ(x, y) + x′σ(u) for (u, x, y) ∈ [0, 1]×X × Y

(7)

admits a solution (ψβ, σβ) defined as

σβ(u) :=

∫ u

0

β(v)dv −
∫ 1

0

(∫ ũ

0

β(v)dv

)
dũ and ψβ(x, y) := sup

u∈[0,1]
(uy − x′σβ(u)) .

Moreover, under Assumption FR, (ψ, σ) = (ψβ, σβ) is the unique solution to (7) such that

u 7→ x′σ(u) is convex for each x ∈ X .

The first part of Lemma 2.3 guarantees the existence of a solution to (7). This follows

immediately from the results obtained by Carlier et al. (2016). See the proof in Appendix

C.3 for details.

To the best of our knowledge, the uniqueness part of Lemma 2.3 is new. This result

relates the quantile regression coefficient β to the solution of the LP (7). To understand its

usefulness, observe that the LP is determined solely by the joint distribution FY X , which
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is explicitly identified. Given the joint distribution, suppose that we could find a solution

σ̄ ∈ (C([0, 1]) ∩ L1
0[0, 1])

p such that u 7→ x′σ̄(u) is convex for each x ∈ X . The uniqueness

implies that the solution necessarily satisfies σ̄ = σβ, and as a result, β(·) = Dσ̄(·). This
procedure provides a way to recover the quantile regression coefficient β from the joint

distribution FY X of the observable variables. It should be compared with the standard

definition of the quantile regression coefficient, where the joint distribution FY X defines a

minimization problem (4), and the solution to the problem is β.

Given the above discussion, we can see that Lemma 2.3, particularly its uniqueness

result, opens a new path from FY X to β, distinct from the standard identification based on

check function minimization. See Figure 4 for a diagram that illustrates this point.

FY X

minβ E[ρu(Y −X ′β)]

β(·)

infψ,σ
∫
ψdFY X σ(·)

def. ∃! sol.

def.

∃! sol.

D

Figure 4: The above path: The joint distribution FY X defines the minimization problem (4)
using the check loss function. The quantile regression coefficient is defined as the solution to
this problem. The below path: The joint distribution FY X defines the infinite-dimensional
LP (7). The quantile regression coefficient β is the derivative of the unique solution σ such
that u 7→ x′σ(u) is convex.

A remarkable feature of the characterization given in Lemma 2.3 is that a single problem

(7) pins down the quantile regression coefficients at all possible quantile levels u ∈ (0, 1)

simultaneously. This is an aspect distinct from the check function based approach, where

the problem (4) determines only the u-th coefficient β(u). Due to this feature, additional

constraints across different u’s, including the non-crossing condition and the monotonicity of

the equilibrium bidding strategy in auction models, can be easily imposed on the estimators

we propose in the next section.

3 Shape-Constrained Estimation

3.1 Class of Shape Restrictions

Mathematical and economic theory often imposes restrictions on the admissible forms of

conditional quantile functions. The non-crossing condition is one such example. In this
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subsection, we discuss a broad class of shape restrictions are commonly of interest in practice.

Recall that the covariate X is defined as the transformation of Z by f. Here, we are

interested in shape restrictions on the linear approximation (u, z) 7→ f(z)′β(u). We focus

on cases where the quantile regression coefficients β(·) takes values on (Ck[0, 1])p =: B(k) for

some k ≥ 1, where Ck[0, 1] is the space of k-times continuously differentiable functions on

(0, 1) whose derivatives are continuously extended to [0, 1]. The order k is chosen depending

on the shape constraints of interest; see the examples below. The space B(k) equipped with

the supremum norm ∥β∥B(k) :=
∑k

ℓ=0 supu∈[0,1]
∥∥Dℓ

uβ(u)
∥∥ is a Banach space.

Let (D, ∥·∥D) be another Banach space. For a continuous linear operator Af : B(k) → D,
a closed convex cone K ⊂ D, and δ ∈ D, we consider restrictions in the form of

Afβ + δ ∈ K. (8)

Call this form of shape restriction a conic restriction. Although this class of shape restrictions

is abstract, it contains a variety of interesting examples as follows.

Example 1 (Non-crossing). Let k ≥ 1, and let D = C([0, 1] × X ) be equipped with the

supremum norm. Define (ANC
f β)(u, x) := x′Duβ(u), δ

NC := 0, and KNC := {k ∈ D |
k(u, x) ≥ 0 for all (u, x) ∈ [0, 1]×X}. It is clear that ANC

f is linear and continuous and that

KNC is a closed and convex cone. The non-crossing condition is equivalent to β satisfying

ANC
f β + δNC ∈ KNC. Moreover, if the support of X−1, where X = (1, X ′

−1)
′, is a polytope

whose vertices are denoted by x̄1, . . . , x̄v, then the convex cone can be reduced to K = {k ∈
D | k(u, x) ≥ 0 for all (u, x) ∈ [0, 1]× {x̄1, . . . , x̄V }}, as observed by Bondell et al. (2010).

Example 2 (Range of outcome variable Y ). Suppose that we know that Y takes values

greater than or equal to y ∈ R. Let k ≥ 1, and let D = C([0, 1]× X ) be equipped with the

supremum norm. Define (ALB
f β)(u, x) := x′β(u), δLB := −y, and KLB := {k ∈ D | k(u, x) ≥

0 for all (u, x) ∈ [0, 1]×X}. Then, the restriction on the lower bound is represented as

x′β(u) ≥ y for (u, x) ∈ [0, 1]×X ⇐⇒ ALB
f β + δLB ∈ KLB.

Example 3 (Monotonicity in z). For simplicity, we focus on univariate Z. The extension

to other cases is straightforward. Assume that the map z 7→ f(z)′β(u) is non-decreasing

and f is assumed to be smooth. Let k ≥ 1, and let D = C([0, 1] × Z) be equipped with

the supremum norm. Define (A↑
fβ)(u, z) := (Dzf(z))

′β(u), δ↑ := 0, and K↑ := {k ∈ D |
k(u, z) ≥ 0 for all (u, z) ∈ [0, 1]×Z}. This gives a representation of the non-decreasingness

in z:

Dz(f(z)
′β(u)) ≥ δ↑ for (u, z) ∈ [0, 1]×Z ⇐⇒ A↑

fβ + 0 ∈ K↑.

16



Example 4 (Convexity in z). Consider the convexity of the map z 7→ f(z)′β(u), assuming

the smoothness of f. Let k ≥ 1, and let DCVX = C([0, 1] × Z × Sq−1) be equipped with

the supremum norm, where Sq−1 ⊂ Rq is the unit (q − 1)-surface of radius one. Define

ACVX
f : B(k) → DCVX as

(ACVX
f β)(u, z, v) :=

p−1∑
i=0

(
v′D2

zfi(z)v
)
βi(u),

where f = (f0, . . . , fp−1)
′ and β = (β0, . . . , βp−1)

′, and let δCVX := 0 and KCVX := {k ∈
DCVX | k(u, z, v) ≥ 0 for all (u, z, v) ∈ [0, 1] × Z × Sq−1}. Now, we have the representation

of the convexity restriction as follows:

D2
z(f(z)

′β(u)) is positive semi-definite for (u, z) ∈ [0, 1]×Z ⇐⇒ ACVX
f β + δCVX ∈ KCVX.

Example 5 (Monotonicity of equilibrium bidding strategy). In our example of auction

estimation, we impose the monotonicity of the valuation quantile function (1). Note that

since QV = ξ ◦ QB, where ξ is the equilibrium inverse bidding strategy, the monotonicity

of QV is equivalent to that of ξ. Our framework covers this constraint. For k ≥ 2, define

A↑ξ
f : B(k) → D↑ξ := C([0, 1]×X ) as

(A↑ξ
f β)(u, x) := x′Du

(
β(u) +

u

I − 1
Duβ(u)

)
= x′

(
I

I − 1
Duβ(u) +

u

I − 1
D2
uβ(u)

)
.

Then, the monotonicity of the bidding strategy has a conic representation A↑ξ
f β + δ↑ξ ∈ K↑ξ

where δ↑ξ := 0 and K↑ξ := {k ∈ D↑ξ | k(u, x) ≥ 0 for all (u, x) ∈ [0, 1]×X}.

Example 6 (Multiple restrictions). Since the non-crossing condition is a mathematical

requirement, it is always of interest once Assumption QL is imposed. If an additional

shape restriction is implied by economic theory, multiple restrictions must be considered

simultaneously. Our framework is sufficiently general to incorporate such joint restrictions.

Suppose that multiple restrictions A(ℓ)
f β + δ(ℓ) ∈ K(ℓ) for ℓ = 1, . . . , L are of interest,

where A(ℓ)
f : B(k) → D(ℓ) is continuous and linear and D(ℓ) is Banach. This situation is

reduced to the current framework by setting Af := (A(1)
f , . . . ,A(L)

f ), δ := (δ(1), . . . , δ(L)),

K := K(1) × · · · ×K(L), and D := D(1) × · · · × D(L).

So far, we have discussed various shape restrictions on (the linear approximation of)

conditional quantile functions. Before turning to the estimation of β, we first consider when

and why economists might care directly about these restrictions.
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By the inverse probability integral transform, there exists a random variable U inde-

pendent of Z such that Y = QY |Z(U |Z) holds almost surely. This representation is purely

a reduced form and does not necessarily reflect the underlying structural relationship be-

tween Y and Z. Under the exogeneity assumption, the structural form is typically written

as Y = g(Z, ε), where ε is a potentially infinite-dimensional unobserved heterogeneity and is

independent of Z. In many economic applications, the object of real interest is the shape of

the function z 7→ g(z, ε) rather than the shape of the reduced-form mapping z 7→ QY |Z(u | z).
Does it then make sense to impose the same shape constraints on conditional quantiles

as on the structural function? The answer depends on the nature of the constraint: some

features of the structural function z 7→ g(z, ε) are inherited by the reduced-form function

z 7→ QY |Z(u | z), while others are not.

The most straightforward example of the former case is a bound on the support of g,

as illustrated in Example 2. if g(z, ε) ≥ y for all (z, ε), then it follows that QY |Z(u | z) ≥ y

for all (z, u).

More interestingly, linear restrictions on the first-order derivatives of g in z are also

transmitted to the reduced form.

Lemma 3.1. Assume that z 7→ g(z, ε) is smooth. Let a : Z → Rq and b : Z → R be

measurable functions. Then, if (Dzg(z, ε))a(z) ≥ b(z) holds for all (ε, z), it follows that

(DzQY |Z(u | z))a(z) ≥ b(z) holds for all (u, z).

Lemma 3.1 provides a strong justification for imposing the same shape restriction on the

conditional quantile function as on the structural function. In particular, the monotonicity

of z 7→ QY |Z(u | z), as in Example 3, can be of great interest when the structural function

is believed to be monotone.

However, shape restrictions on higher-order derivatives of g are not generally inherited

by the reduced form without additional assumptions. For example, consider the convexity

constraint discussed in Example 4. The reduced form z 7→ QY |Z(u | z) may fail to be

convex even if z 7→ g(z, ε) is convex. This reflects the fact that the lower envelope of convex

functions need not be convex. A concrete example is given in the following lemma.

Lemma 3.2. Consider the DGP

Y = g(Z, ε) := Z2 + (1− 4ε)Z + 2ε2, (Z, ε) ∼ U [0, 1]⊗ U [0, 1].

The function z 7→ g(z, ε) is convex for all ε ∈ [0, 1], but the conditional quantile function of

Y given Z = z is not convex in z at some quantile level.
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Imposing shape constraints on higher-order derivatives is justified when ε is univariate

and g is monotone in ε, in which case QY |Z(u | z) = g(z, h(u)) holds for some monotone

function h. Some papers implicitly make this assumption and develop estimation methods

for quantile regression with covariate convexity (see, e.g., Koenker and Ng (2005), Wang et

al. (2014), Kitahara et al. (2021)). However, when quantile regression is used in structural

models, whether such constraints are justified should be carefully examined.

3.2 The Estimator

We aim to construct an estimator of the quantile regression coefficient β(·) that respects a
shape restriction Afβ + δ ∈ K. Our construction is based on Lemma 2.3. The core idea is

to solve the empirical counterpart of the LP (7)

inf
ψ∈C(X×Y)

σ∈(C([0,1])∩L1
0[0,1])

p

1

n

n∑
i=1

ψ(Xi, Yi)

s.t. uy ≤ ψ(x, y) + x′σ(u) for (u, x, y) ∈ [0, 1]×X × Y

(9)

and recover β as the derivative of its solution. However, this construction faces two major

challenges. First, the optimization problem is computationally difficult to solve due to the

infinite-dimensional nature of the variables ψ and σ. While ψ can be effectively reduced to

a finite-dimensional object—since it only enters the objective function through the values

ψ(X1, Y1), . . . , ψ(Xn, Yn)—this reduction does not resolve the main issue, as σ remains an

infinite-dimensional function

Moreover, even if the true quantile regression coefficient β satisfies some shape restric-

tion, the plug-in estimator β̂ = Dσ̂ is not guaranteed to do so. Such violations of shape

constraints can hinder interpretability and undermine the economic validity of the estimation

results.

We address these issues. First, in order to overcome the computational difficulty, we

introduce a finite-dimensional sieve scheme that approximates functions in the space C[0, 1]∩
L1
0[0, 1]. For an integer J ≥ 1, define mJ : [0, 1] → RJ as

mJ(·) := (m1(·), . . . ,mJ(·))′ where mj(u) :=
1

j

(
uj − 1

j + 1

)
.

It is easy to see that mj ∈ C[0, 1] ∩ L1
0[0, 1]. By the Weierstrass approximation theorem, for

any σk ∈ C[0, 1] ∩ L1
0[0, 1], there exists a vector λk ∈ RJ such that λ′km

J(·) approximates

σk(·) in the supremum norm for large J. Hence, it is expected that optimizing the objective
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function of (9) over σ ∈ (C[0, 1]∩L1
0[0, 1])

p can be approximately replaced by the optimization

over Λ = (λ1, . . . , λp)
′ ∈ Rp×J in view of σ(·) ≈ ΛmJ(·). The same approximation scheme

is introduced by Spady and Stouli (2018) in a similar context, but we develop a richer

duality theory and convergence analysis; see Appendix B. The same argument below extends

to any independent functional basis whose linear combinations form a dense subspace of

C[0, 1] ∩ L1
0[0, 1].

We next consider imposing the shape restriction Afβ + δ ∈ K on the estimate. Since

the quantile regression coefficient β is the derivative of the solution σ to the LP (7), as shown

in Lemma 2.3, we add the constraint Af (Duσ(·)) + δ ∈ K to the LP. To impose the shape

restriction on the polynomial approximation, we optimize over the set of Λ’s that satisfy

Af (ΛDum
J(·)) + δ ∈ K, since Duσ(·) ≈ Du(Λm

J(·)) = ΛDum
J(·).

Now, we are ready to define our estimator. Let J = Jn be the degree of the polynomial

approximation basis that can vary with the sample size n. Consider the following problem

inf
ψ∈Rn

Λ∈Rp×Jn

1

n

n∑
i=1

ψi

s.t.

uYi ≤ ψi +X ′
iΛm

Jn(u) for (u, i) ∈ [0, 1]× {1, . . . , n}

Af (ΛDum
Jn(·)) + δ ∈ K

.

(10)

This minimization problem falls into the class of semi-infinite LP (Shapiro (2009))—it

involves finite-dimensional variables and infinite-dimensional constraints.

We first establish the existence of a solution to the LP (10) in the following lemma.

Lemma 3.3. Suppose that Assumption FR holds and that the LP (10) is feasible. Then, it

admits a solution with probability one.

Let Λ̂n ∈ Rp×Jn be a solution to the LP (10). We propose an estimator

β̂n(·) := Λ̂nDum
Jn(·). (11)

Note that the solution Λ̂n to (10) is not unique in general, and consequently, β̂n is not

uniquely defined. However, regardless of which solution is selected, the resulting estimator

satisfies the desired asymptotic properties. Details are provided in Section 4.

3.3 Implementation

The first constraint of the LP (10) consists of several functional inequalities. Typically, the

shape restriction Af (ΛDum
Jn(·)) + δ ∈ K also involve some inequalities. For example, the
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non-crossing condition ANC
f (ΛDum

Jn(·)) ∈ KNC is equivalent to

x′ΛD2
um

Jn(u) ≥ 0 for all (u, x) ∈ [0, 1]×X .

Similarly, the monotonicity A↑
f (ΛDum

Jn(·)) ∈ K↑ can be written as

(Dzf(z))
′ΛDum

Jn(u) ≥ 0 for all (u, z) ∈ [0, 1]×Z

A variety of numerical methods have been developed to solve such problems with conver-

gence guarantees; see, e.g., López and Still (2007). Below, we briefly explain a discretization-

based algorithm and outline how it works, following the approach in López and Still (2007).

In Section 5, we implement our estimator using this algorithm.

Write the inequality constraints in (10) as

g(ψ,Λ; i, u, x) ≥ 0 for (i, u, x) ∈ {1, . . . , n} × [0, 1]×X =: T.

We consider a grid Tk := {1, . . . , n} ×
{
0, 1

2k
, . . . , 2

k−1
2k

, 1
}
× Xk, where Xk is a growing fine

subset of X . Given this grid and a small tolerance level ε > 0, we run the following algorithm.

1. Let k = 1.

2. Solve the LP (10) subject to the constraints over Tk instead of T. Let (ψ(k),Λ(k)) be a

solution to the problem.

3. Stop the algorithm if the inequalities for (ψ(k),Λ(k)) approximately hold on T, i.e.,

g(ψ(k),Λ(k); i, u, x) > −ε for (i, u, x) ∈ {1, . . . , n} × [0, 1]×X .

Otherwise, repeat Step 2 with k + 1.

By Theorem 10 of López and Still (2007), it is guaranteed that the output of this algorithm

successfully approximates the real solution of (10) if the grid Xk is properly constructed.

3.4 Comparison with Other Non-Crossing Estimators

Solving the LP (10) with the restriction (ANC
f , δNC, KNC) is not the only way to impose the

non-crossing condition on the estimator. Bondell et al. (2010) propose what may be a more
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intuitive approach. They estimate several quantile coefficients jointly by solving

(β̂BRW(uℓ))ℓ=1,...,L ∈
argmin

(βℓ)ℓ=1,...,L∈Rp×L

L∑
ℓ=1

n∑
i=1

ρuℓ(Yi −X ′
iβℓ)

s.t. x′βℓ+1 ≥ x′βℓ for (x, ℓ) ∈ Xk × {1, . . . , L− 1}

, (12)

where 0 < u1 < · · · < uL < 1 are quantile levels and Xk ⊂ X is a finite set of covariate values

at which the non-crossing condition is imposed. Without the inequality constraints, this

reduces to L separate standard quantile regressions. The constraints ensure that crossings

do not occur on the designated region, while minimizing the total check loss.

Although intuitive, this method has limitations. To establish convergence, Bondell et

al. (2010) assume that L, the number of quantiles considered, is not too large relative to n,

the sample size. Moreover, their results only guarantee pointwise convergence, which does

not directly extend to (local) uniform convergence of the quantile process β(·).
In contrast, our estimator (11) imposes restrictions over the entire unit interval and

achieves local uniform consistency, as shown in Theorem 4.1. By exploiting information

across all quantile levels, it is expected to deliver superior finite-sample performance com-

pared with Bondell et al.’s estimator. This expectation is confirmed by our numerical simu-

lations in Section 5.

In many applications, restrictions on the derivative of β are of interest. For instance, the

monotonicity of the bidding strategy in Sections 1.1 and 6 involves conditions on derivatives.

Such restrictions cannot be enforced within β̂BRW, since it only accounts for finitely many

quantiles. While discrete approximations of derivative restrictions may be used in practice,

analyzing their convergence becomes even more delicate.

We further compare the computational efficiency of the two estimators by examining the

number of variables, the number of constraints, and the sparsity index of each formulation.

Our estimator generally involves a smaller set of variables and constraints, whereas Bondell

et al.’s method tends to yield a lower (i.e., more favorable) sparsity index. It is difficult

to draw a general conclusion about which approach is computationally superior. Further

details are provided in Appendix E.

Another stream of research on quantile regression estimation without crossings is the

rearrangement approach proposed by Chernozhukov et al. (2010). Similar ideas are studied

by Dette and Volgushev (2008). The procedure is roughly as follows. First, construct a

preliminary estimate Q̂Y |X(· | x) of the conditional quantile function without imposing non-
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crossing. Then, “rearrange” the estimate by defining another estimator Q̃Y |X(· | x) as

Q̃Y |X(uℓ | x) := ℓ-th lowest number in
{
Q̂Y |X(u1 | x), . . . , Q̂Y |X(uL | x)

}
,

where 0 < u1 < · · · < uL < 1 is a fine grid of the unit interval. Although Q̂Y |X(· | x) is not
necessarily increasing, Q̃Y |X(· | x) is increasing by construction.

The rearrangement approach is conceptually simple and computationally attractive.

Moreover, Chernozhukov et al. (2010) show that the rearranged estimator is asymptotically

equivalent to the preliminary estimator. However, it cannot be directly extended to shape

restrictions beyond the non-crossing condition. For example, it is unclear how to enforce

monotonicity of the bidding strategy when estimating the bid quantile function in the auction

model.

Rearranged quantile estimates are typically non-smooth in covariates z, even if the orig-

inal estimates are smooth. This potentially undermines the interpretability of the estimates

in practice. See the second panel of Figure 7.

Another difficulty arises from the fact that the rearrangement method was developed for

nonparametric estimation of conditional quantile functions. When the conditional quantile

function is assumed to be (quasi-)linear, as in this paper, the quantile regression coefficient

β is central because it captures the conditional quantile elasticity with respect to covariates.

If rearrangement is applied after estimating β without the non-crossing restriction, this

interpretability of β is lost.

4 Asymptotic Properties

4.1 Uniform Consistency

Due to the second constraint of the LP (10), the estimator (11) respects the desired shape

restriction. If the population linear approximation u 7→ x′β(u) of the conditional quan-

tile satisfies the same shape restriction, the estimator is uniformly consistent as shown in

Theorem 4.1. To state the result, we first provide several assumptions for it.

Assumption BS. The support of FX is bounded.

Assumption NC. The restriction (Af , δ,K) ensures the non-crossing condition, that is, it

is written as

Af = (ANC
f ,A′

f ), δ = (δNC, δ′), K = KNC ×K ′,
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where the restriction (ANC
f , δNC, KNC) is the one given in Example 1 and (A′

f , δ
′, K ′) is a

conic restriction on a Banach space D′.

Assumption SR. The quantile regression coefficient β ∈ B(k) satisfies

A′
fβ + δ′ ∈ K ′.

Assumption IF. There exists a sequence ΛIF
n ∈ Rp×Jn such that

Af (Λ
IF
n Dum

Jn(·)) + δ ∈ IntD(K)

holds for each n.

Assumption CP. There exist a constant M > 0 and a sequence ΛCP
n ∈ Rp×Jn such that

Af (Λ
CP
n Dum

Jn(·)) + δ ∈ K and inf
(u,x)∈[0,1]×X

x′ΛCP
n mJn(u) > −M

hold for each n.

Assumption BB. There exists a sequence ΛBB
n ∈ Rp×Jn such that

sup
n∈N

∥∥ΛBB
n

∥∥ <∞ and inf
n∈N
ρ∈K∗

∥ρ∥=1

〈
ρ,Af (Λ

BB
n Dum

Jn(·))
〉
> 0,

where K∗ := {k∗ ∈ D∗ | ∀k ∈ K, ⟨k∗, k⟩ ≥ 0}, D∗ is the topological dual of D, and ⟨·, ·⟩ is the
dual pairing. Conventionally, if the set over which an infimum is taken is empty, the value

is defined as +∞.

Assumption BS together with the condition β ∈ B(k) in Assumption SR requires the

support of FXY to be bounded. Combining Assumption SR with Assumptions QL, NC

implies that the quantile regression coefficient β satisfies

Afβ + δ ∈ K,

which implies that the shape restriction is assumed to be satisfied in population. When only

the non-crossing condition is of interest, one can set

D′ = R, A′
f = 0, δ′ = 0, and K ′ = R.

Assumptions IF, CP, BB are mild technical conditions on shape restrictions. Assump-

tion IF ensures that the empirical problem (10) has a feasible solution ΛIF
n such that any
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small perturbation from ΛIF
n is also feasible. This assumption is not too restrictive, given

that all shape restrictions considered in Section 3.1 satisfy it when the transformation f

forms a polynomial basis, i.e., f(z) = (1, z, · · · , zp−1)′. See in Appendix F for details. A

similar argument applies to other transformation functions straightforwardly. Assumption

IF is critical to exploit the duality structure of (10) since it plays a role of Slater’s condition.

See Appendix B.

Assumption CP is a mild condition that ensures that the family of convex functions

u 7→ x′Λ̂nm
Jn(u) is sequentially relatively compact. A simple but strong sufficient condition

for Assumption CP is δ = 0, in which case, it is satisfied with ΛCP
n = 0 and any M > 0.

Assumption BB is another technical condition that is used to prove the convergence

of the dual problem of (10). It guarantees that if the value of Af never approaches zero

along any sequence in the feasible set that does not converge to zero. See Lemma B.7 for

details. Appendix F shows that for the shape restrictions that appear in Section 3.1, the

choice ΛBB
n = ΛIF

n satisfies Assumption BB.

Now, we are ready to state the uniform consistency of our estimator.

Theorem 4.1. Suppose that Assumptions QR, QL, LS, FR, BS, NC, SR, IF, CP, BB hold

and Jn → ∞. Let β̂n(·) be defined by (11). Then, for any compact set K ⊂ (0, 1),

lim
n→∞

sup
u∈K

∥∥∥β̂n(u)− β(u)
∥∥∥ = 0

holds almost surely.

Notably, Theorem 4.1 establishes uniform consistency of our estimator without impos-

ing any growth rate condition on the degree of the polynomial basis Jn. This is a feature

contrast to the usual nonparametric regression. In general, when a nonparametric function is

estimated using a polynomial basis of degree Jn, an excessively fast growth of Jn relative to

the sample size n can lead to high variance and a failure of uniform consistency. To prevent

this, the growth rate of Jn is typically controlled; see, e.g., Newey (1997).

By contrast, Theorem 4.1 does no require a rate condition on Jn, despite the linear pro-

gram (10) serves as a polynomial sieve approximation to its population counterpart. This is

made possible by the non-crossing condition (Assumption NC), specifically the monotonicity

of u 7→ x′β̂n(u). Thanks to the monotonicity, the function u 7→ x′β̂n(u) cannot oscillate even

when the degree Jn is large, which effectively regularizes the estimator. Such automatic

regularization through shape constraints is documented in the literature on nonparametric

least squares estimation too; see, for example, Feng et al. (2022).

Appendix G presents numerical simulations comparing the performance of our estimator

25



across different values of Jn. The results show that the estimates are largely similar unless

Jn is chosen too small.

The standard framework of sieve estimation can also be used to establish uniform con-

sistency. However, it typically requires control of the covering number of the sieve space,

which in turn implies that Jn cannot be too large. See Remark 3.3 and Condition 3.5M in

Chen (2007), for example.

4.2 Asymptotic Normality

Next, we investigate the limit distribution of β̂n. Throughout this subsection, we assume

that the polynomial approximation of the population coefficient is exact.

Assumption PL. There exist an integer J∗ > 0 and a matrix Λ∗ ∈ Rp×J∗ such that

β(u) = Λ∗Dum
J∗(u)

for u ∈ [0, 1].

Theorem 4.2. Suppose Assumptions PL, QR, QL, NC, CP and Jn = J̄ for some J̄ ≥ J∗.

Moreover, suppose that A′
fβ+ δ

′ ∈ IntD′(K ′) and that there exists a constant ε > 0 such that

inf
(u,x)∈[0,1]×X

x′Duβ(u) > ε, (13)

and that the matrix E[XX ′ | Ū ] is invertible almost surely, where Ū := (X ′β(·))−1(Y ). Then,

for the estimator β̂n defined by (11),
√
n
(
β̂n(·)− β(·)

)
weakly converges to a tight centered

Gaussian process G(·) in ℓ∞([0, 1],Rp), of which covariance function is given by

E[G(u1)G(u2)
′] = ((Dum

J̄(u1))
′ ⊗ Ip)(V

−1WV −1)(Dum
J̄(u2)⊗ Ip),

where

W := E
[(
X ⊗mJ̄(Ū)

)(
X ⊗mJ̄(Ū)

)′]
and

V := E
[

1

X ′Duβ(Ū)

(
X ⊗Dum

J̄(Ū)
)(

X ⊗Dum
J̄(Ū)

)′]
.

Clearly, Assumption PL is restrictive, but we believe that it is general enough in practical

applications. Developing a distributional theory of the estimator (11) without Assumption

PL is an important open question.
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The condition (13) assumes that the slope of the (linear approximation of the) condi-

tional quantile function u 7→ x′β(u) is uniformly away from zero. When the linear specifi-

cation (5) holds, this condition is equivalent to the uniform boundedness of the conditional

density of Y given X, because

sup
(u,x)∈[0,1]×X

fY |X(x
′β(u) | x) = sup

(u,x)∈[0,1]×X

1

x′Duβ(u)
< 1/ε.

The invertibility of E[XX ′ | Ū ] is used to ensure that V is full-rank. It is easy to show

that under Assumption FR, the this condition is satisfied if the conditional quantile function

is linear in x.

The asymptotic variance in Theorem 4.2 also appears in existing studies on parametric

quantile regression. For example, Frumento and Bottai (2016) consider exactly the same

specification of quantile regression coefficients as Assumption PL. Their estimator is ob-

tained by minimizing an integrated empirical check loss function over the parameter space.

Although this approach is completely different from ours, it converges to the same asymp-

totic distribution. Parametric models that allow for nonlinear parameter dependence are

studied by Firpo et al. (2022). One of their estimators is defined as the function in the

parametric model that is closest to the KB estimator with respect to a weighted squared

loss. This estimator is also shown to have the same asymptotic distribution as ours.

For statistical inference based on the asymptotic normality, we need to estimate W and

V. Let Ûi := (X ′
iβ̂n(·))−1(Yi) for i = 1, . . . , n, and define

Ŵ :=
1

n

n∑
i=1

(
Xi ⊗mJ̄(Ûi)

)(
Xi ⊗mJ̄(Ûi)

)′
(14)

and

V̂ :=
1

n

n∑
i=1

1

X ′
iDuβ̂n(Ûi)

(
Xi ⊗Dum

J̄(Ûi)
)(

Xi ⊗Dum
J̄(Ûi)

)′
. (15)

Proposition 4.3. Suppose that Assumptions QR, QL, LS, BS, NC, SR, IF, CP, BB hold.

Furthermore, assume that the considered conic restriction contains (A(ε)
f , δ(ε), K(ε)) where

A(ε)
f : B(k) → C([0, 1]×X ); (A(ε)

f β)(u, x) := x′Duβ(u),

δ(ε) := −ε, and

K(ε) := {k ∈ C([0, 1]×X ) | k(u, x) ≥ 0 for all (u, x) ∈ [0, 1]×X} .
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Then, Ŵ → W and V̂ → V hold almost surely.

The restriction A(ε)
f β + δ(ε) ∈ K(ε) implies that the average rate of change of u 7→

x′β(u) is no less than ε. Hence, it is a stricter restriction than the non-crossing restriction

(ANC
f , δNC, KNC), which is equivalent to (A(ε)

f , δ(ε), K(ε)) for ε = 0. This tighter restriction

incorporates the lower bound (13) of the population slope function. We use it to establish

V̂ → V , whereas Ŵ → W does not require it.

5 Monte Carlo Simulations

We compare the performance of our estimator β̂n defined by (11) to that of the estimators

proposed by Koenker and Bassett (1978) (β̂KB
n ) and Bondell et al. (2010) (β̂BRW

n ).

DGP1. First, we consider the following DGP.

(DGP1) The data is independently drawn from

Yi = X ′
i(α + γΦ−1(Ui)), Xi = (1, Z ′

i), (Zi, Ui) ∼ U [0, 1]4 ⊗ U [0, 1]

for i = 1, . . . , n, where Φ−1 is the quantile function of the standard Gaussian distribution,

α = (1, 1, 1, 1, 1)′ and γ = (1, 0.1, 0.1, 0.1, 0.1)′. This DGP is taken from Bondell et al. (2010).

In this case, the quantile regression coefficient is β(u) = α + γΦ−1(u).

Let (u1, u2, u3, u4, u5, u6, u7) = (0.01, 0.1, 0.3, 0.5, 0.7, 0.9, 0.99). The estimator β̂KB
n of

Koenker and Bassett (1978) is computed for each quantile level uk for k = 1, . . . , 7 separately.

Bondell et al.’s estimator β̂BRW
n is implemented so that the quantile crossing does not happen

only at these quantile levels; see equations (2)-(3) of Bondell et al. (2010). In (DGP1), our

estimator β̂n is implemented with the non-crossing condition. We set the degree of the

polynomial approximation to Jn = 8 and use this degree in all subsequent simulations. The

choice of Jn has little impact on the results unless it is chosen too small. Appendix G

provides a comparison of the estimator’s performance across different values of Jn. For an

estimator β̃ = (β̃0, . . . , β̃p−1)
′, define

Lβ(β̃, uk) :=

√√√√1

p

p−1∑
i=0

(
β̃i(uk)− βi(uk)

)2
(16)

for k = 1, . . . , 7. We compare the three estimators based on this loss function.
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Setting the sample size n = 100, we generate a dataset ((Xi, Yi))
n
i=1, estimate β by

the three estimators, and compute the loss function (16) for each of them. We repeat this

procedure 1000 times.

Figure 5 presents the boxplot of the loss function values (as defined in equation (16)) for

various quantile levels u = u1, . . . , u7 under DGP1. The performance of the three estimators

is compared. Across all quantile levels, the proposed method (“Ours”) consistently achieves

lower median loss values than the estimators of Koenker and Bassett (1978) (“KB”) and

Bondell et al. (2010) (“BRW”), with especially notable improvements in the tails (i.e., at

u = 0.01, 0.99). Moreover, the worst-case losses tend to be smaller for the proposed estima-

tor across most quantile levels. This suggests that the method not only improves median

performance but also mitigates extreme errors.

Figure 5: Boxplot of the loss values for the estimators β̂KB
n , β̂BRW

n , and β̂n at different
quantile levels u = u1, . . . , u7, obtained from samples generated by DGP1. The horizontal
axis represents different pairs of an estimator and a quantile level.

DGP2. Next, we consider the DGP defind in (6), where the true conditional quantile

function is nonlinear in x, but Assumption QL is satisfied. We generate a dataset for n = 30,

estimate β with the three estimators, and compute the loss function (16) for each of them.
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We repeat this process for 1000 times. Our estimator is implemented with the non-crossing

restriction only.

Figure 6 reports the results. Like the previous experiment, we observe that the proposed

estimator tends to outperform the existing estimators, though the differences are less signif-

icant compared with (DGP1). It is also worth mentioning that, in the worst-case scenario

for each quantile level, the loss value of our estimator is always smaller than those of the

other two.

Figure 6: Boxplot of the loss values for the estimators β̂KB
n , β̂BRW

n , and β̂n at different quantile
levels u = u1, . . . , u7, obtained from samples generated by (6). The horizontal axis represents
different pairs of an estimator and a quantile level.

DGP3. Finally, we investigate how shape restrictions affect estimated conditional quantile

functions. We consider the following DGP.

(DGP3) The data is independently drawn from

Yi = 1 + Ui(e
2(Zi+1) − 1), (Zi, Ui) ∼ Beta(3, 3)⊗ U [0, 1]

for i = 1, . . . , n.
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Figure 7: The fitted conditional quantile functions at quantile levels u = u1, . . . , u7 are
represented by solid lines. The dotted lines represent the true quantile curves. The green
dots represent the generated data points.

We apply each estimation method to the polynomial regression model of degree three.

That is, we estimate

β(u) = argmin
β∈R4

E [ρu (Y −X ′β)] ,

where X = (1, Z, Z2, Z3)′. Observe also that the map z 7→ 1 + u(e2(z+1) − 1) is convex and

increasing on z ∈ [0, 1] for all u ∈ [0, 1]. Assuming that this fact is implied by some economic

theory, we impose the convexity and non-decreasingness in z as well as the non-crossing

condition on our estimator β̂n.

Figure 7 shows the fitted conditional quantile curves of the three estimators. Clearly,

the classical estimator (“KB”) suffers from the quantile crossing problem.

The second panel (“rearranged KB”) reports the estimates of KB’s estimator with

the rearrangement proposed by Chernozhukov et al. (2010). It is observed that the shape

restrictions of interest are violated, even though the quantile crossing problem is resolved.

The estimator of Bondell et al. (2010) (“BRW”) resolves the crossing problem, but the

shape restrictions are not satisfied especially in the region close to the boundary. Moreover,

the quantile curve estimates meet at the boundary, though they do not cross. This phe-

nomenon, called quantile convergence by Ando and Li (2025), contradicts to the assumption

that the conditional distribution of Y given Z is continuous.

The proposed estimator (“Ours”) does not encounter these issues and effectively cap-

tures the shape of the true quantile curves. Also, the quantile convergence does not occur.

Note that the fitting is not intended to be perfect, given that the true conditional quantile
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is not linear in x.

Finally, we evaluate the estimation precision with respect to the conditional quantile

function for each estimator. We generate datasets ((Y
(b)
i , Z

(b)
i ))100i=1 for b = 1, . . . , 1000 from

DGP3. For each estimator Q̃Y |Z of the conditional quantile function QY |Z(u | z) := 1 +

u(e2(z+1) − 1), we calculate a loss function

L
(b)
Q (Q̃Y |Z , uk) :=

√√√√ 1

n

n∑
i=1

(
QY |Z(uk | Z(b)

i )− Q̃Y |Z(uk | Z(b)
i )
)2
,

where b = 1, . . . , 1000 and k = 1, . . . , 7.

Figure 8 presents the boxplot of the values of L
(b)
Q . The KB estimator and its rearranged

version (“RKB”) yield similar results, with the latter performing slightly better, in line with

the findings of Chernozhukov et al. (2010). The BRW estimator, which enforces non-crossing

over a grid of quantiles, tends to achieve lower loss values than KB and RKB, particularly

around the middle quantiles. Among the four methods, our estimator attains the smallest

loss values, highlighting the advantage of incorporating information about the ground truth

into the estimation procedure whenever it is theoretically justified.

6 Application to Estimation of First-price Auctions

6.1 Model and Estimator

The objective of this subsection is to illustrate how our estimator can be applied to the

structural estimation of auction models. We begin by recalling the setup from Section 1.1.

Consider datasets from first-price sealed-bid auctions indexed by ℓ = 1, . . . , L. Each auction

involves a fixed number I of risk-neutral bidders.2 For auction ℓ, let Zℓ ∈ Rq denote the

auction-specific characteristics, and let Bℓi be the bid submitted by bidder i at auction ℓ.

The econometrician observes data ((Zℓ, Bℓ1, . . . , BℓI))1≤ℓ≤L, generated independently across

auctions.

At auction ℓ with covariate Zℓ = z, each bidder’s private value is drawn independently

from the valuation distribution FV (· | z). As discussed in Section 1.1, the unique symmetric

Bayesian-Nash equilibrium bidding strategy is strictly increasing and given by the inverse of

2The analysis can be extended to risk-averse bidders by assuming a constant relative risk aversion utility
function. However, identifying the degree of risk aversion typically requires additional structure or data; see
Gimenes and Guerre (2022) for details. We expect that our method remains valid under this generalization,
but we do not pursue this extension in the present paper.
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Figure 8: Boxplot of the loss values for the estimates of conditional quantile functions. Loss
values are calculated for KB, rearranged KB (RKB), and BRW estimators as well as our
estimator at quantile levels u = u1, . . . , u7. The horizontal axis represents different pairs of
an estimator and a quantile level. For example, the box at BRW-0.5 is the loss distribution
of β̂BRW

n at u = 0.5.

the map

ξ(b | z) = b+
FB(b | z)

(I − 1)fB(b | z)
, (17)

where FB(· | z) and fB(· | z) are the conditional distribution and density function of bids.

In what follows, we maintain the assumption that bidders adopt this equilibrium bidding

strategy.

Following Gimenes and Guerre (2022), we consider the linear quantile regression model

QB(u | x) = x′β(u),

where x = (1, z′)′ ∈ Rp with p = q + 1. Using the identities FB(QB(u | x) | x) = u and

fB(QB(u | x)) = (DuQB(u | x))−1 , the inverse bidding strategy (17) satisfies

ξ(QB(u | x) | x) = QB(u | x) + u

I − 1
(DuQB(u | x)) = x′γ(u),
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where

γ(u) := β(u) +
u

I − 1
Duβ(u).

Thus, by estimating the bid quantile regression model to obtain β, one can recover the

private value of bidders who submit bid QB(u | x). Moreover, this leads to the valuation

quantile function QV (u | x) = x′γ(u). Gimenes and Guerre (2022) implement this approach

using a local polynomial estimator for the bid quantile regression.

A limitation of the estimator in Gimenes and Guerre (2022) is that it does not incorpo-

rate shape constraints that necessarily hold in population. First, the definition of a quantile

function requires that

the map u 7→ QB(u | x) = x′β(u) is increasing. (18)

Second, the economic model implies that the equilibrium strategy ξ is monotone, which in

turn requires

the map u 7→ ξ(QB(u | x) | x) = x′
(
β(u) +

u

I − 1
Duβ(u)

)
is increasing. (19)

Now, we estimate the bid quantile regression coefficient β with these two shape re-

strictions imposed. Let ε ≥ 0 be a non-negative number. Consider the following linear

program:

inf
ψ∈RLI

Λ∈Rp×Jn

1

LI

L∑
ℓ=1

I∑
i=1

ψℓi

s.t.


uBℓi ≤ ψℓi +X ′

ℓΛm
Jn(u) for (u, ℓ, i) ∈ [0, 1]× {1, . . . , L} × {1, . . . , I}

x′ΛD2
um

Jn(u) ≥ ε for (u, x) ∈ [0, 1]×X

x′Λ
(

I
I−1

D2
um

Jn(u) + u
I−1

D3
um

Jn(u)
)
≥ ε for (u, x) ∈ [0, 1]×X

,

(20)

where the second and third constraints correspond to restrictions (18) and (19), respectively,

as we see below in more details.

Let Λ̂
(ε)
n be a solution to LP (20). We estimate β(·) with

β̂(ε)
n (·) := Λ̂(ε)

n Dum
Jn(·).

The bid quantile functions is estimated by

Q̂
(ε)
B,n(u | x) := x′β̂(ε)

n (u),
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which implies an estimator of the equilibrium inverse bidding strategy ξ

ξ̂(ε)n (b | x) := b+
F̂

(ε)
B,n(b | x)

(I − 1)f̂
(ε)
B,n(b | x)

,

where

F̂
(ε)
B,n(b | x) :=

(
x′β̂(ε)

n

)−1

(b) and f̂
(ε)
B,n(b | x) :=

1

x′Duβ̂
(ε)
n (F̂

(ε)
B,n(b | x))

.

These estimators satisfy the imposed shape restrictions (18) and (19). In fact, the

second constraint of (20) implies

DuQ̂
(ε)
B,n(u | x) = x′Λ̂(ε)

n D2
um

Jn(u) ≥ ε ≥ 0,

and by the third constraint, we have

Duξ̂
(ε)
n (Q̂

(ε)
B,n(u | x) | x) = x′Λ̂(ε)

n

(
I

I − 1
D2
um

Jn(u) +
u

I − 1
D3
um

Jn(u)

)
≥ ε ≥ 0.

This estimation method also provides an estimator of the quantile function QV of private

values. To see this, notice first that the value quantile function is given by QV (u | x) =

ξ(QB(u | x) | x) due to the monotonicity of QB and ξ. Thus, it can be estimated as

Q̂
(ε)
V,n(u | x) := ξ̂(ε)n (Q̂

(ε)
B,n(u | x) | x) = x′

(
β̂(ε)
n (u) +

u

I − 1
Duβ̂

(ε)
n (u)

)
=: x′γ̂(ε)n (u).

Because ξ̂
(ε)
n is monotone, the estimated quantile function of private values is automatically

increasing. In particular, it never exhibits quantile crossings.

By Theorem 4.1, we can show the uniform consistency of these estimators.

Theorem 6.1. Suppose that Assumptions QR, LS, BS, FR hold. Fix x ∈ X . For ε ≥ 0,

suppose that DuQV (u | x), DuQB(u | x) ≥ ε hold for (u, x) ∈ [0, 1]×X . Then, β̂(ε)
n (·) → β(·),

γ̂
(ε)
n (·) → γ(·), Q̂(ε)

B,n(· | x) → QB(· | x), and Q̂(ε)
V,n(· | x) → QV (· | x) hold locally uniformly

in (0, 1) almost surely. Moreover, under the same assumption, if ε > 0, then the estimated

bidding strategy (ξ̂
(ε)
n )−1(· | x) is locally uniformly consistent on the interior (v, v) of FV (· | x),

and so is its inverse ξ̂
(ε)
n (· | x) on (ξ−1(v | x), ξ−1(v | x)).

It is remarkable that our estimators (Q̂
(ε)
B,n, Q̂

(ε)
V,n, ξ̂

(ε)
n ) are all increasing and satisfy the

identity ξ̂
(ε)
n (Q̂

(ε)
B,n(u | x) | x) = Q̂

(ε)
V,n(u | x). Both properties are consistent with the underly-

ing economic theory. Many existing estimators stemming from Guerre et al. (2000) (nearly)

35



satisfy the identity, but their estimates of ξ are not monotone in general. Rearrangement-

based estimators are increasing by construction, but they violate the identity, representing

a deviation from the economic model under consideration.

6.2 Timber Auction Data

We apply our estimator to data from U.S. timber auctions studied by Lu and Perrigne (2008).

The dataset contains records from 215 first-price sealed-bid auctions, including the number

of bidders, the estimated timber volume (in thousands of board feet), and the appraisal

value (in dollars per unit of volume). Following Gimenes and Guerre (2022), we focus on

the subsample of auctions with exactly two bidders, which yields L = 107 observations. As

auction-specific covariates, we use the log of volume and the appraisal value.

Before presenting our estimator, we first examine the extent of quantile crossings in

the local polynomial quantile regression estimator of Gimenes and Guerre (2022). Table 1

reports the proportion of auctions in which the estimated bid or valuation quantile function

is not increasing. Formally, we compute

#{ℓ = 1, . . . , L | Q̂GG
B (· | Zℓ) is not increasing}

L

and
#{ℓ = 1, . . . , L | Q̂GG

V (· | Zℓ) is not increasing}
L

for different degree-bandwidth pairs. We vary the bandwidth h ∈ {0.2, 0.3, 0.4, 0.5} and

the degree of the local polynomial d ∈ {1, 2, 3}. The proportion of auctions with crossings

is highly sensitive to these tuning parameters. For higher-order polynomials (d = 3), vio-

lations of monotonicity are extremely frequent. Crossings are less common for lower-order

polynomials, but this comes at the cost of limited approximation power. For the specifica-

tion (d, h) = (2, 0.3), which is used in the numerical studies of Gimenes and Guerre (2022),

the proportion is relatively modest. However, given the instability observed for other tuning

parameters and in our simulations in Section 1.1, this case appears more accidental than

structural. Overall, the results show that monotonicity violations are not only a simulation

artifact but also a serious issue in real data.

Even in the (d, h) = (2, 0.3) case, where the crossing frequency is modest, crossings are

far from negligible. Figure 9 shows the region in the covariate space where the estimated

conditional quantile function is not increasing. Although only a handful of observed data

points fall into this region (red x’s), the estimated quantile curves cross once evaluated even

slightly outside the support of the sample. This finding underscores the fragility of the
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d = 1 d = 2 d = 3

h 0.2 0.3 0.4 0.5 0.2 0.3 0.4 0.5 0.2 0.3 0.4 0.5

bid 0.037 0.009 0.009 0.299 0.234 0.037 0.187 0.402 0.047 0.411 0.626 0.364
value 0.093 0.037 0.009 0.000 0.486 0.037 0.131 0.374 0.935 0.757 0.757 0.720

Table 1: Proportions of auctions with quantile crossings in estimates of Gimenes and
Guerre (2022) for different degrees of the local polynomial d ∈ {1, 2, 3} and bandwidths
h ∈ {0.2, 0.3, 0.4, 0.5}.

estimator: small extrapolations beyond the data domain can render the results invalid.

We now turn to the results from our proposed estimator, which imposes the relevant

shape restrictions directly within the estimation procedure.

Figure 10 displays the estimated quantile regression coefficients β for the bid function,

comparing our results (“Ours”) with the unconstrained Koenker and Bassett (1978) (“KB”)

estimator and the Gimenes and Guerre (2022) (“GG”) estimator. Visually, our estimates

are closely aligned with those from the GG method, particularly in the central quantile

range, where the consistency of our estimator is guaranteed. Both our estimator and the

GG estimator produce smoother coefficient functions compared to the more erratic KB

estimates.

It is worth noting that this smoothness is often desirable, as it suggests more stable co-

efficient estimates across neighboring quantiles. The crucial advantage of our method is that

it achieves this smoothness while simultaneously guaranteeing the non-crossing property—

the very property that the unconstrained GG estimator often violates, as demonstrated in

Table 1. Our approach, therefore, retains the flexibility of modern methods while imposing

the necessary theoretical discipline.

This pattern continues in Figure 11, which presents the corresponding coefficient esti-

mates γ(·) for the valuation quantile function. Here, we only compare our results to the GG

estimator, as the KB framework does not readily provide the derivative estimates necessary

to compute the valuation coefficients. Once again, the estimated coefficients are similar. This

suggests that imposing the shape constraints does not fundamentally distort the estimated

economic relationships but rather corrects them to be theoretically coherent.

Finally, we plot the estimated bid and valuation quantile functions and the equilibrium

inverse bidding strategy for an observed auction with covariates z = (4.32, 5.67)′ as an

illustrative example. As shown in Figure 9, the GG estimates of the bid and valuation

quantile functions are both non-monotonic. The left panel of Figure 12 compares the bid

quantile functions estimated by GG and our estimators. Both estimators appear similar,
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Figure 9: Regions of quantile crossing in the covariate space for Gimenes and Guerre’s
estimator with (d, h) = (2, 0.3). The left panel is for the bid quantile function, and the right
panel is for the valuation quantile function. Crossings occur in areas marked by red x’s.
Black circles represent observed data points.

although the GG estimate exhibits a small quantile crossing at low quantile levels. The

middle panel shows the valuation quantile functions, where the difference is more pronounced.

Our estimator produces a monotone quantile estimate, while the GG estimate suffers from

a severe crossing problem. The right panel displays the implied equilibrium inverse bidding

strategy. Here, the GG estimate3 peaks around b = 42, whereas our estimate increases

smoothly over the entire domain.

7 Concluding Remarks

This paper developed a new estimator for quantile regression coefficients that enforces the

non-crossing condition and accommodates a broad class of economically motivated shape

restrictions, such as monotonicity and convexity. Our approach builds on the variational

characterization of linear quantile regression introduced by Carlier et al. (2016), which en-

ables constraints to be imposed jointly across covariates and across the quantile index.

3The GG estimate of the inverse bidding strategy is constructed using formula (17). To obtain the bid
distribution function, we invert the estimated quantile function. Since the GG quantile estimate is not
monotone, we apply a rearrangement to define its inverse.
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Figure 10: Bid coefficient estimates β(·). KB, GG, and our estimates are shown in gray, blue
and red, respectively. Pointwise bootstrap 90% confidence intervals are shown in dashed
lines for GG and our estimates.

We constructed a polynomial approximation scheme to the associated infinite-dimensional

linear program, allowing for computational feasibility while preserving the structural in-

tegrity of the model. Leveraging linear programming duality, we established uniform consis-

tency of the proposed estimator under general conditions. In addition, under a polynomial

specification of the quantile process, we derived the asymptotic normality of our estimator.

Monte Carlo simulations confirmed the practical advantages of our estimator. Compared

to existing methods, it yields more accurate estimates across quantile levels. These findings

highlight the effectiveness of incorporating structural information directly into the estimation

procedure.

Our empirical application to U.S. timber auction data further illustrates the usefulness

of the framework. While existing estimators frequently produce non-monotone bid and value

quantiles, our method enforces the required shape restrictions while remaining closely aligned

with unconstrained estimates in regions where they are reliable. In doing so, it provides a

coherent and stable basis for downstream economic analysis, as illustrated by the monotone

inverse bidding strategies recovered in our application.

39



Figure 11: Valuation coefficient estimates γ(·). GG and our estimates are shown in blue and
red, respectively. Pointwise bootstrap 90% confidence intervals are shown in dashed lines.

Figure 12: Estimated bid and valuation conditional quantile functions (left and middle,
respectively), and the induced inverse bidding strategy (right). The GG estimates are shown
in blue. Our estimates are shown in red. The shaded regions represent pointwise bootstrap
90% confidence intervals.
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A Notation

Let C[0, 1] be the set of continuous functions on [0, 1]. For an integer k ≥ 1, let Ck[0, 1]

be the set of k-times continuously differentiable functions on (0, 1) whose derivatives are

continuously extended to [0, 1]. Let L1
0[0, 1] be the space of Lebesgue integrable functions

with mean zero. For a set X and a metric space Y, let ℓ∞(X, Y ) be the space of bounded

functions from X to Y. For a continuously differentiable function f : U → Rm, where U ⊂ Rn

is an open subset, let Dxf(x) :=
(
∂fi
∂xj

(x)
)
i=1,...m,j=1,...,n

be the Jacobian matrix of f at x ∈ U.

For a twice continuously differentiable function g : U → R, where U ⊂ Rn is an open subset,

let D2
xg(x) :=

(
∂2g

∂xi∂xj
(x)
)
i,j=1,...n

be the Hessian matrix of g at x ∈ U. For a vector x ∈ Rn,

denote the Euclidean norm of x by ∥x∥ := (
∑n

i=1 x
2
i )

1/2
. For a set X and a subset A ⊂ X,

let 1A : X → {0, 1} be the indicator function of A, i.e., 1A(x) = 1 if x ∈ A, and 1A(x) = 0

otherwise. Conventionally, we write 1{x ∈ A} := 1A(x) if the context is clear. For a square

matrix A, denote the smallest eigenvalue of A by λmin(A). For two probability distributions

P,Q, the product measure is denoted by P ⊗ Q. For a topological space X and its subset

A ⊂ X, let IntX(A) be the interior of A in X. For a vector of random elements (R1, . . . , Rm),

its joint distribution is denoted by FR1...Rm . Since the products of random variables are not

considered in this paper, this notation does not cause a confusion. For two random variables

R1, R2, let FR1|R2 be the conditional distribution of R1 given R2, whenever it is well-defined.

For a measurable space (X,Σ), let P(X,Σ) be the set of all probability measures on (X,Σ).

When the σ-field Σ is evident in the context, it is also written as P(X). For a Banach

space (D, ∥·∥), let D∗ denote its topological dual equipped with the dual norm, and let ⟨·, ·⟩
denote the dual pairing between them. Although this notation does not explicitly indicate

the underlying norm, no ambiguity arises because we will not introduce more than one norm

for any given Banach space.

B Duality Theory and Approximation Scheme

Theorem 4.1 shows that the solution to the sample linear program (10) converges to that

of the population problem (7). Proving this convergence directly is nontrivial. To address

this, we analyze the dual formulations of the two problems. Establishing convergence for the

dual problems turns out to be more tractable, and once this is obtained, the convergence

of the original problem follows from the primal-dual relationship through complementary

slackness.

In this section, we develop the duality framework that forms the basis for the proof of

Theorem 4.1, which is provided in detail in Appendix C.7.

41



B.1 Approximate Problems

Let (Af , δ,K) be a conic restriction of interest that is defined in Section 3. Define a linear

continuous operator Āf : Rp×Jn → D as Āf (Λ) := Af (ΛDum
Jn(·)). Then, the LP (10) is

equivalent to

inf
ψ∈Rn

Λ∈Rp×Jn

1

n

n∑
i=1

ψi

s.t.

uYi ≤ ψi +X ′
iΛm

Jn(u) for (u, i) ∈ [0, 1]× {1, . . . , n}

Āf (Λ) + δ ∈ K
.

(21)

Let D∗ be the topological dual of D, and let Ā∗
f : D∗ → RJn×p be the adjoint operator of Āf .

Let K∗ be the dual cone of K, that is,

K∗ := {k∗ ∈ D∗ | ∀k ∈ K, ⟨k∗, k⟩ ≥ 0},

where ⟨·, ·⟩ is the dual pairing. The LP (21) is the dual problem of

sup
γ∈P([0,1]×X×Y)

ρ∈K∗

∫
uydγ − ⟨ρ, δ⟩

s.t.

γ23 = 1
n

∑n
i=1 δ(Xi,Yi)∫

mJn(u)x′dγ12(u, x) + Ā∗
fρ = 0

.4 (22)

Although we started with the LP (21) (or equivalently (10)), we call (22) and (21) the

primal and dual, respectively, to make the duality relationship consistent with the one used

in the literature (Carlier et al. (2016)).

Under the interior feasibility condition, (22) admits a solution, and the strong duality

holds.

Lemma B.1. Suppose that Assumptions NC, IF hold. Then, the primal problem (22) has

a solution, and the strong duality holds, i.e, the value of (21) is equal to that of (22).

A solution to the dual problem (21) is connected to a solution to the primal problem (22)

through the relationship described in the following lemma. This relationship is commonly

referred to as complementary slackness.

4When no shape restriction is involved, the LP (22) is reduced to equation (22) of Spady and Stouli (2018).
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Lemma B.2. Suppose that (ψ,Λ) is a solution to the dual (21) and (γ, ρ) is a solution to the

primal (22), and that the strong duality holds. Let ψ̄ ∈ C(X ×Y) be such that ψ̄(Xi, Yi) = ψi

for i = 1, . . . , n. Then,

uy = ψ̄(x, y) + x′ΛmJn(u) γ-a.s.

and 〈
ρ, Āf (Λ) + δ

〉
= 0

hold.

A trivial but important observation is that when multiple restrictions are considered as

in Example 6, the second part of the complementary slackness holds for each restriction, i.e.,〈
ρ(i), Ā(i)

f (Λ) + δ(i)
〉
= 0

for i = 1, . . . , I.

B.2 Exact Problems

As the limit of the approximate LP (21), we consider the following LP.

inf
ψ∈C(X×Y)

σ∈(Ck+1[0,1]∩L1
0[0,1])

p

∫
ψdFXY

s.t.

uy ≤ ψ(x, y) + x′σ(u) for (u, x, y) ∈ [0, 1]×X × Y

Af (Dσ(·)) + δ ∈ K

. (23)

Observe that this LP is equivalent to the LP (7) with an additional shape restriction.

Hence, if the restriction is correct, that is, if the solution to (7) satisfies the second constraint

of (7), then it remains to solve (23).

Lemma B.3. Suppose that Assumptions QR, QL, NC, SR hold. Then, the population dual

problem (23) admits a unique solution, and it is given by the solution to (7).

Next, we consider the limit of the approximate primal (22). Let A∗
f : D∗ → (B(k))∗ be

the adjoint operator of Af . We consider the following LP.

sup
γ∈P([0,1]×X×Y)

ρ∈K∗

∫
uydγ − ⟨ρ, δ⟩

s.t.

γ23 = FXY(∫
1{u ≤ v}xdγ12(v, x)− (1− u)

∫
xdγ2(x)

)
du+A∗

fρ = 0

. (24)
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Note that the second constraint should be interpreted as an equation in (B(k))∗. That is, it

means that for any b ∈ B(k),∫ 1

0

b(u)

(∫
1{u ≤ v}xdγ12(v, x)− (1− u)

∫
xdγ2(x)

)
du+ (A∗

fρ)(b) = 0

holds.

If the shape restriction of interest is correct in population, the duality and complemen-

tary slackness holds between (23) and (24).

Lemma B.4. Suppose that Assumptions QR, QL, LS, NC, SR hold. Then, the strong duality

between (23) and (24) holds.

Lemma B.5. Suppose that (ψ, σ) is a solution to the dual (23) and (γ, ρ) is a solution to

the primal (24), and that the strong duality holds. Then,

uy = ψ(x, y) + x′σ(u) γ-a.s.

and

⟨ρ,Af (Dσ(·)) + δ⟩ = 0

hold.

Furthermore, the solution to (24) is pined down by the quasi-linear representation of

FXY as the following lemma shows.

Lemma B.6. Suppose that Assumptions QR, QL, LS, NC, SR hold. Then, (γ∗, 0) is a

solution to the population primal problem (24), where γ∗ ∈ P([0, 1] × X × Y) is the joint

distribution of (Ū ,X, Y ) where Ū = (X ′β(·))−1(Y ). Moreover, if (γ, ρ) is a solution to (24),

then γ = γ∗ holds.

B.3 Convergence of Approximation Scheme

Now, we claim that the sample primal problem (22) converges to the population problem

(24) in the following sense.

Lemma B.7. Suppose that Assumptions QR, QL, LS, BS, NC, SR, IF, BB hold. Let (γn, ρn)

be a solution the primal (22). If Jn → ∞, then γn converges weakly to γ∗ almost surely.

As an easy corollary of Lemma B.7, we have the convergence of the dual value.
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Corollary B.8. Suppose that Assumptions QR, QL, LS, BS, NC, SR, IF, BB hold. The

value of the sample dual problem (21) converges to that of the population problem (24) almost

surely.

Finally, we review the results shown in this section. They are summarized in Figure 13.

The empirical dual (21) and the empirical primal (22) have solutions as shown in Lemma

3.3 and Lemma B.1, respectively, and there is duality between them (Lemmas B.1, B.2).

The existence and uniqueness of solution to the population dual (23) and the population

primal (24) are shown in Lemma B.3 and Lemma B.6, respectively. The duality between

the population problems is given in Lemmas B.4, B.5. The convergence of empirical primal

problems is proven by Lemma B.7. In Theorem 4.1, we prove the convergence of empirical

dual solutions using the results stated in this section—see Appendix C.7 for details.

(21) inf
ψ∈Rn

Λ∈Rp×Jn

1

n

n∑
i=1

ψi

s.t.

uYi ≤ ψi +X ′
iΛm

Jn(u)

Āf (Λ) + δ ∈ K

(∃ sol. : Lemma 3.3)

(22) sup
γ∈P([0,1]×X×Y)

ρ∈K∗

∫
uydγ − ⟨ρ, δ⟩

s.t.

γ23 =
1
n

∑n
i=1 δ(Xi,Yi)∫

mJn(u)x′dγ + Ā∗
fρ = 0

(∃ sol. : Lemma B.1)

(23) inf
ψ∈C(X×Y)

σ∈(Ck+1[0,1]×L1
0[0,1])

p

∫
ψdFXY

s.t.

uy ≤ ψ(x, y) + x′σ(u)

Af (Dσ) + δ ∈ K

(∃! sol. : Lemma B.3)

(24) sup
γ∈P([0,1]×X×Y)

ρ∈K∗

∫
uydγ − ⟨ρ, δ⟩

s.t.


γ23 = FXY( ∫

1{u ≤ v}xdγ12(v, x)

−(1− u)
∫
xdγ2(x)

)
du+A∗

fρ(du) = 0

(∃! sol. : Lemma B.6)

Lemma B.1

Lemma B.2

Lemma B.4

Lemma B.5

Theorem 4.1 Lemma B.7

Figure 13: Duality and approximation stability.
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C Proofs

C.1 Proof of Lemma 2.1

Let Ū := F̃ (g(U, |Z|)). It is clear that Ū ∼ U [0, 1]. We also have

Y = X ′β̃(F̃−1(U)) = X ′β(Ū).

Since Z
d
= −Z and U ⊥⊥ Z, we have (Z,U)

d
= (−Z,U), and therefore,

(Z, Ū) = (Z, F̃ (g(U, |Z|))) d
= (−Z, F̃ (g(U, | − Z|))) = (−Z, F̃ (g(U, |Z|))) = (−Z, Ū).

Hence, we obtain E[Z | Ū ] = E[−Z | Ū ], which implies E[Z | Ū ] = 0 = E[Z]. Since x′β(ū) =
(x′β̃)(F̃−1(ū)) is strictly increasing in ū, Lemma 2.2 concludes that the joint distribution of

(Y,X) satisfies Assumption QL.

C.2 Proof of Lemma 2.2

By Theorem 3.3 (i) of Carlier et al. (2016), Assumptions LS, QL imply that there exists a

random variable Ū ∼ U [0, 1] on the same probability space as (Y,X) such that Y = X ′β(Ū)

almost surely and E[X | Ū ] = E[X]. It is clear that Ū = (X ′β(·))−1(Y ) holds.

Conversely, suppose that there exist a continuous function β̄ : (0, 1) → Rp and a random

variable Ū ∼ U [0, 1] defined on the same probability space as (Y,X) such that ū 7→ x′β̄(ū)

is strictly increasing for all x ∈ X ,

Y = X ′β̄(Ū), and E[X | Ū ] = E[X].

For each u ∈ (0, 1), observe

E
[
1{Y > X ′β̄(u)}X

]
= E

[
1{X ′β̄(Ū) > X ′β̄(u)}X

]
= E

[
1{Ū > u}X

]
= (1− u)E[X].

By considering the first-order condition, it follows that β = β̄(u) is a solution to (4). As-

sumption QL holds by the properties of β̄.

46



C.3 Proof of Lemma 2.3

By Theorem 3.3 (i) of Carlier et al. (2016), there exists a random variable Ū ∼ U [0, 1] on the

same probability space as (X, Y ) such that Y = X ′β(Ū) almost surely and E[X | Ū ] = E[X].

By Assumption QL, Theorem 3.2 of Carlier et al. (2016) implies that the pair (σβ, ψβ) solves

(7).

To show the latter statement, suppose that σ̄ ∈ (C([0, 1])∩L1
0[0, 1])

p solves the problem

(7) and u 7→ x′σ̄(u) is convex for each x ∈ X . Let ψ̄(x, y) := supu∈[0,1](uy − x′σ̄(u)).

Theorem 3.3 (i) of Carlier et al. (2016) implies that the LP

sup
γ∈P([0,1]×X×Y)

∫
uydγ

s.t.

γ23 = FXY(∫
1{u ≤ v}xdγ12(v, x)− (1− u)

∫
xdγ2(x)

)
du = 0

. (25)

is the dual problem of (7), and a solution to (25) is given by the joint distribution γ̄ of

(Ū ,X, Y ), where Ū = (X ′β(·))−1(Y ). Furthermore, the strong duality holds, i.e.,
∫
ψβdFXY =∫

uydγ̄. Since (ψ̄, σ̄) is also optimal, we have
∫
ψ̄dFXY =

∫
uydγ̄. By the complementary

slackness, uy = ψ̄(x, y) + x′σ̄(u) holds γ̄-almost surely. By Fenchel’s inequality and the con-

vexity of x′σ̄(·), y ∈ ∂u(x
′σ̄)(u) holds γ̄-almost surely.5 Since y = x′β(u) holds for γ̄-almost

all (u, x, y), we have

1 =

∫
1{x′β(u) ∈ ∂u(x

′σ̄)(u)}dγ̄ =

∫ (∫
1{x′β(u) ∈ ∂u(x

′σ̄)(u)}dγ̄1|2(u | x)
)
dFX(x),

which implies that there exist sets A ⊂ X and Bx ⊂ [0, 1], which is defined for each x ∈ A,

such that FX(A) = 1, γ̄1|2(Bx | x) = 1, and x′β(u) ∈ ∂u(x
′σ̄)(u) holds for u ∈ Bx and

x ∈ A. Let x ∈ A∩X0, where A∩X0 is non-empty since FX(X0) > 0 by Assumption LS. By

Assumption QL and γ̄23 = FXY ,

γ̄1|2([0, u] | x) =
∫

1{v ≤ u}dγ̄1|2(v | x) =
∫

1{(x′β)−1(y) ≤ u}dγ̄1|2(y | x) = FY |X(x
′β(u) | x)

holds for u ∈ (0, 1). Then, u 7→ γ̄([0, u] | x) is strictly increasing on (0, 1) since for 0 < u <

ũ < 1,

γ̄1|2([0, ũ] | x)− γ̄1|2([0, u] | x) =
∫ 1

0

fY |X((1−t)x′β(u)+tx′β(ũ) | x)dt ·(x′β(ũ)−x′β(u)) > 0,

5The same observation also follows from Theorem 3.3 of Carlier et al. (2017).
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which implies that supp(γ̄(du | x)) = [0, 1]. Since B̄x ⊂ [0, 1] = supp(γ̄(du | x)) ⊂ B̄x by

the definition of support, we have B̄x = [0, 1]. Hence, x′β(u) ∈ ∂u(x
′σ̄)(u) holds for u in

a dense set of (0, 1). By the continuity of β, Theorem 24.4 of Rockafellar (1970) implies

that x′β(u) = Du(x
′σ̄)(u) holds for u ∈ (0, 1). Combining this with the fact that x′σ̄(·)

is differentiable almost everywhere on (0, 1) yields that Du(x
′σβ(·)) = x′β(·) = Du(x

′σ̄(·))
holds almost everywhere on (0, 1). By Lemma 2.1 of del Barrio and Loubes (2019), we have

x′σβ(u) = x′σ̄(u) for u ∈ (0, 1), as x′σβ(·), x′σ̄(·) ∈ L1
0[0, 1]. Remember that this holds for all

x ∈ A ∩ X0. By Assumption FR, we obtain σ̄ = σβ, which implies that σ̄(·) is continuously
differentiable and Dσ̄(·) = β(·) on (0, 1).

C.4 Proof of Lemma 3.1

Let (u, z) ∈ [0, 1]×Z. Then, we have

(DzQY |Z(u | z))a(z) = E[Dzg(Z, ε) | Z = z, Y = QY |Z(u | z)]a(z)

= E[(Dzg(Z, ε))a(Z) | Z = z, Y = QY |Z(u | z)]

≥ E[b(Z) | Z = z, Y = QY |Z(u | z)]

= b(z),

where the first equality holds by Theorem 2.1 of Hoderlein and Mammen (2007).

C.5 Proof of Lemma 3.2

Let

E := {(z, y) ∈ [0, 1]× R | y ≥ inf supp(FY |Z=z)}.

It is easy to see (0, η), (1, η) ∈ E and (1/2, η) /∈ E for small η > 0. See Figure 14. For a

sufficiently small quantile level u > 0, we have

QY |Z(u | 0) < η, QY |Z(u | 1/2) > η, QY |Z(u | 1) < η,

which implies that the map z 7→ QY |Z(u | z) is not convex.
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Figure 14: Scatter plot of an i.i.d. observation of (Z, Y ).

C.6 Proof of Lemma 3.3

By Assumption FR, 1
n

∑n
i=1XiX

′
i is full-rank almost surely. Lemma 3.3 follows by applying

Lemma D.1 for c(u, x, y) = uy and

L =
{
Λ ∈ Rp×Jn | Af (ΛDum

Jn(·)) + δ ∈ K
}
,

which is closed and non-empty.

By the proof of Lemma D.1, any solution lies in the set{
Λ ∈ Rp×Jn | inf

(u,x)∈[0,1]×X
x′ΛmJn(u) ≥ −2C + inf

(u,x)∈[0,1]×X
x′Λ̄mJn(u)

}
, (26)

where Λ̄ is a feasible solution.

C.7 Proof of Theorem 4.1

By Varadarajan’s theorem (e.g., Theorem 11.4.1 of Dudley (2002)), the empirical measure

n−1
∑n

i=1 δ(Xi,Yi) converges weakly to FXY almost surely. It suffices to show the stated uni-

form convergence for each realization of {(Xi, Yi)}i∈N along which the weak convergence

occurs.

Fix ε ∈ (0, 1/2). By (26) and Assumption CP, we observe

Λ̂n ∈
{
Λ ∈ Rp×Jn | − inf

(u,x)∈[0,1]×X
x′ΛmJn(u) ≤ 2C +M

}
(27)

for each n. By Assumption NC, u 7→ inf(u,x)∈[0,1]×X x
′Λ̂nm

Jn(u) is a smooth convex function
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on [0, 1] for each n and x. By Proposition D.4, we have

sup
n∈N,x∈X ,u∈[ε,1−ε]

∣∣∣x′Λ̂nmJn(u)
∣∣∣ <∞ and sup

n∈N,x∈X ,u∈[ε,1−ε]

∣∣∣x′Λ̂nDum
Jn(u)

∣∣∣ <∞.

Since for n ∈ N and u ∈ [ε, 1− ε],

sup
n∈N,x∈X ,u∈[ε,1−ε]

∣∣∣x′Λ̂nmJn(u)
∣∣∣2 ≥ ∫

X

(
x′Λ̂nm

Jn(u)
)2
dFX(x) ≥ λmin(E[XX ′])

∥∥∥Λ̂nmJn(u)
∥∥∥2

holds, we have

sup
u∈[ε,1−ε]

∥∥∥Λ̂nmJn(u)
∥∥∥ ≤ (λmin(E[XX ′]))

−1/2
sup

n∈N,x∈X ,u∈[ε,1−ε]

∣∣∣x′Λ̂nmJn(u)
∣∣∣ <∞

by Assumption FR. Similarly,

sup
u∈[ε,1−ε]

∥∥∥Λ̂nDmJn(u)
∥∥∥ <∞

holds. By the local verision of the Arzelà–Ascoli theorem (e.g., Theorem 47.1 of Munkres (2000)),

there exist a subsequence n′ and a continuous function σ̄ : (0, 1) → R such that Λ̂n′mJn′ (·)
converges to σ̄ locally uniformly on (0, 1). It is easy to see that x′σ̄(·) is convex for each x. 6

Let γn, γ ∈ P([0, 1] × X × Y) be solutions to (22) and (24), respectively. Notice that

the existence is guaranteed by Lemmas B.1 and B.6. Fix x ∈ X0. Since the pair of functions

σ(u) =

∫ u

0

β(v)dv −
∫ 1

0

∫ ũ

0

β(v)dvdũ and ψ(x, y) = sup
u∈[0,1]

(uy − x′σ(u))

is a solution to (7) by Lemma 2.3, the strong duality and complementary slackness (Lemmas

B.5 and B.4) imply

uy = ψ(x, y) + x′σ(u) for γ-almost all (u, x, y).

Since both u 7→ x′σ(u) and y 7→ ψ(x, y) are convex by Assumption NC and Dσ(·) = β(·),
6Probably, it is not possible to ensure

∫ 1

0
σ̄ = 0 at this point. Consider a convex function fn : [0, 1] → R

such that it takes values about −1 on a large portion of (0, 1) but grows near the boundary to satisfy∫ 1

0
fn = 0. Let gn : [0, 1] → R be a convex function that behaves similarly to fn but takes values about

−2 on the interior. The family of convex functions {fn, gn}n∈N is uniformly bounded and equicontinuous
on any compact subset of (0, 1). If fn is chosen as a subsequence in the Arzelà-Ascoli theorem, the limit is
f ≡ −1 while choosing gn yields the limit g ≡ −2. Obviously, the zero mean condition is not satisfied in the
limit, and moreover, the integral of the limit function depends on the choice of subsequence. It seems that
there is no a priori regularity of Λ̂n to avoid this phenomenon, and this is why we need to add constants to
guarantee the convergence of the entire sequence of convex functions.
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Fenchel’s inequality implies

y = x′β(u) for γ-almost all (u, x, y).

Now, let u ∈ (0, 1) and y ∈ Y be such that (u, x, y) ∈ supp(γ) and y = x′β(u). Since

γn′ weakly converges to γ by Lemma B.7, there exist δ > 0 and (un′ , xn′ , yn′) ∈ supp(γn′)

such that un′ ∈ [δ, 1− δ], yn′ = x′n′Λ̂n′DmJn′ (un′), for large n′ and (un′ , xn′ , yn′) → (u, x, y),

which follows from the strong duality and complementary slackness for approximate problems

(Lemmas B.1 and B.2). It is clear that x′n′Λ̂n′mJn′ (·) converges to x′σ̄(·) locally uniformly

on (0, 1) by the construction of σ̄. Define fn′ : R → R̄ as

fn′(u) :=

x′n′Λ̂n′mJn′ (u) (u ∈ [0, 1])

+∞ (u /∈ [0, 1])
.

Also, define f̄x, fx : R → R̄ as

f̄x(u) :=

x′σ̄(u) (u ∈ (0, 1))

+∞ (u /∈ (0, 1))
and fx(u) :=

f̄ ∗∗
x (u) (u ∈ [0, 1])

+∞ (u /∈ [0, 1])
,

where f̄ ∗∗
x is the convex envelope of f̄x. Then, both fn′ and fx are proper lsc convex functions.

Since u 7→ x′σ̄(u) is convex on (0, 1), fx(u) = x′σ̄(u) for u ∈ (0, 1). Hence, fn′ converges

to fx locally uniformly on (0, 1). Also, since the effective domain of fx contains (0, 1), ∂fn′

converges to ∂fx graphically by Lemma D.5. By construction, yn′ = Dfn′(un′) holds for large

n′. Combining this with (un′ , yn′) → (u, y) yields y ∈ ∂fx(u). Recalling y = x′β(u), we obtain

x′β(u) ∈ ∂fx(u). Under Assumption LS, this holds for all u ∈ (0, 1). Since u 7→ ∂fx(u) admits

a continuous selection on (0, 1), the function fx(·) = x′σ̄(·) is differentiable there. Hence, we
obtain x′β(·) = Du(x

′σ̄(·)) on (0, 1). Observing

x′β(u) = Du

(∫ u

0

x′β(v)dv −
∫ 1

0

∫ ũ

0

x′β(v)dvdũ

)
for u ∈ (0, 1),

where the function in the parenthesis is convex in u by Assumption QL, Lemma 2.1 of del

Barrio and Loubes (2019) implies that there exists a constant Cσ̄,x ∈ R such that

x′σ̄(u) =

∫ u

0

x′β(v)dv + Cσ̄,x
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holds for all u ∈ (0, 1), as x′σ̄(·) is convex. By Assumption FR, we have

σ̄(u) =

∫ u

0

β(v)dv + Cσ̄

for some Cσ̄ ∈ Rp. Notice that σ̄ is the limit of a subsequence of Λ̂nm
Jn(·), but this equation

reveals that the limit depends on the subsequence only through an additive constant, and

hence, the entire sequence Λ̂nm
Jn(·) + Cn, where

Cn :=

∫ 1/2

0

β(v)dv − Λ̂nm
Jn(1/2),

converges to
∫ ·
0
β(v)dv locally uniformly on (0, 1). In particular, x′(Λ̂nm

Jn(·)+Cn) converges
to x′

∫ ·
0
β(v)dv locally uniformly for each x. Theorem 25.7 of Rockafellar (1970) implies that

x′Λ̂nDum
Jn(·) = x′β̂n(·) converges to x′β(·) locally uniformly for each x. Let K ⊂ (0, 1) be

a compact set. We observe∫
X
sup
u∈K

∣∣∣x′β̂n(u)− x′β(u)
∣∣∣2 dFX(x) = ∫

X
sup
u∈K

(
(β̂n(u)− β(u))′xx′(β̂n(u)− β(u))

)
dFX(x)

≥ sup
u∈K

∫
X

(
(β̂n(u)− β(u))′xx′(β̂n(u)− β(u))

)
dFX(x)

≥ λmin(E[XX ′]) · sup
u∈K

∥∥∥β̂n(u)− β(u)
∥∥∥2 .

Since for ε > 0 such that K ⊂ [ε, 1− ε], we have

sup
u∈K

∣∣∣x′β̂n(u)− x′β(u)
∣∣∣2 ≤ sup

x∈X
∥x∥ · 2 sup

u∈[ε,1−ε]

(∥∥∥Λ̂nDum
Jn(u)

∥∥∥2 + ∥β(u)∥2
)
<∞,

Lebesgue’s dominated convergence theorem implies

lim
n→∞

∫
X
sup
u∈K

∣∣∣x′β̂n(u)− x′β(u)
∣∣∣2 dFX(x) = 0.

Assumption FR, which implies Assumption FR’, concludes

lim
n→∞

sup
u∈K

∥∥∥β̂n(u)− β(u)
∥∥∥ = 0.
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C.8 Proof of Theorem 4.2

Proof. Let λ∗ := vec(Λ′
∗) and λ̂n := vec(Λ̂′

n).
7 We first show the asymptotic normality of λ̂n

by applying Example 3.2.12 of van der Vaart and Wellner (1996), which is summarized in

Lemma D.6.

Without loss of generality, we may assume J̄ = J∗. Let

Θ := Int{λ ∈ RpJ∗ | Āf (λ) + δ ∈ K}

where Āf (λ) := Af (ΛDum
J∗(·)) for λ = vec(Λ′). Observe that λ∗ ∈ Θ under Assumptions

PL, QL, NC, SR. Let

gλ(x, y) := sup
u∈[0,1]

(
uy − λ′(x⊗mJ∗(u))

)
.

For λ1, λ2 ∈ Θ, we have

|gλ1(x, y)− gλ2(x, y)| ≤

(
sup
x∈X

∥x∥ · sup
u∈[0,1]

∥∥mJ∗(u)
∥∥) · ∥λ1 − λ2∥ .

The problem (10) is equivalent to

min
λ∈Θ

1

n

n∑
i=1

gλ(Xi, Yi),

and λ∗ is a minimizer of λ 7→ E[gλ(X, Y )] by Assumption PL.

The consistency λ̂n → λ∗ can be shown by a routine work using Corollary 3.2.3 (ii) of

van der Vaart and Wellner (1996). The uniform tightness of λ̂n follows by Assumption CP.

For λ ∈ Θ and (x, y) ∈ X × R, let

u(λ;x, y) := argmax
u∈[0,1]

(
uy − λ′(x⊗mJ∗(u))

)
.

Notice that this map is well-defined by Assumption QL. If y ∈ {λ′(x⊗Dum
J∗(u)) | u ∈ [0, 1]}

is satisfied, then u(λ;x, y) is characterized as the unique solution to y = λ′(x⊗Dum
J∗(u)).

It also follows that y < λ′(x⊗Dum
J∗(0)) ⇒ u(λ;x, y) = 0

y > λ′(x⊗Dum
J∗(1)) ⇒ u(λ;x, y) = 1

.

7For an m× n matrix A = (a1, . . . , an) where a1, . . . , an ∈ Rm, define vec(A) := (a′1 . . . a
′
n)

′.
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By the implicit function theorem, the map λ 7→ u(λ;x, y) is continuously differentiable if

y /∈ {λ′(x⊗Dum
J∗(0)), λ′(x⊗Dum

J∗(1))}. (28)

It is easy to see

(Dλu(λ;x, y))
′ =

− x⊗DumJ∗ (u(λ;x,y))
λ′(x⊗D2

um
J∗ (u(λ;x,y)))

if y ∈
(
λ′(x⊗Dum

J∗(0)), λ′(x⊗Dum
J∗(1))

)
0 if y < λ′(x⊗Dum

J∗(0)) or y > λ′(x⊗Dum
J∗(1))

By the envelope theorem, we have

Dλgλ(x, y) = −x⊗mJ∗(u(λ;x, y)).

holds. For each λ ∈ Θ, if (x, y) satisfies (28), λ 7→ gλ(x, y) is twice differentiable with

D2
λgλ(x, y) = −

(
x⊗Dum

J∗(u(λ;x, y))
)
Dλu(λ;x, y).

Since ∥∥Dum
J∗(u)−Dum

J∗(v)
∥∥ ≤

(
J∗∑
j=0

j2

)1/2

|u− v|

we have ∥∥∥∥∫ 1

0

Dum
J∗(tu(λ∗ + h;x, y) + (1− t)u(λ∗;x, y))dt−Dum

J∗(u(λ∗;x, y))

∥∥∥∥
≤

(
J∗∑
j=0

j2

)1/2

|u(λ∗ + h;x, y)− u(λ∗;x, y)|

By the equalities

0 = (λ∗ + h)′
(
x⊗Dum

J∗(u(λ∗ + h;x, y))
)
− λ′∗

(
x⊗Dum

J∗(u(λ∗;x, y))
)

= λ′∗
(
x⊗

(
Dum

J∗(u(λ∗ + h;x, y))−Dum
J∗(u(λ∗;x, y))

))
+ h′

(
x⊗Dum

J∗(u(λ∗;x, y))
)

= λ′∗

(
x⊗

(∫ 1

0

D2
um

J∗(tu(λ∗ + h;x, y) + (1− t)u(λ∗;x, y))dt

))
(u(λ∗ + h;x, y)− u(λ∗;x, y))

+ h′
(
x⊗Dum

J∗(u(λ∗;x, y))
)
,

we have

u(λ∗ + h;x, y)− u(λ∗;x, y)
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= −h′
(
x⊗Dum

J∗(u(λ∗;x, y))
)(

λ′∗

(
x⊗

∫ 1

0

D2
um

J∗(tu(λ∗ + h;x, y) + (1− t)u(λ∗;x, y))dt

))−1

.

Consequently, we obtain

u(λ∗ + h;x, y)− u(λ∗;x, y)−Dλu(λ∗;x, y)h

= −h′
(
x⊗Dum

J∗(u(λ∗;x, y))
)

·

 1

λ′∗

(
x⊗

∫ 1

0
D2
um

J∗(tu(λ∗ + h;x, y) + (1− t)u(λ∗;x, y))dt
) − 1

λ′∗ (x⊗D2
um

J∗(u(λ∗;x, y)))

 .

Hence, we obtain

|u(λ∗ + h;x, y)− u(λ∗;x, y)−Dλu(λ∗;x, y)h| ≤
2

ε
∥h∥

∥∥x⊗Dum
J∗(u(λ∗;x, y))

∥∥
by (13).

Combining these with

Dλgλ∗+h(x, y)−Dλgλ∗(x, y)

= −x⊗
(
mJ∗(u(λ∗ + h;x, y))−mJ∗(u(λ∗;x, y))

)
= −

(
x⊗

∫ 1

0

Dum
J∗(tu(λ∗ + h;x, y) + (1− t)u(λ∗;x, y))dt

)
(u(λ∗ + h;x, y)− u(λ∗;x, y))

we find that, for small η > 0,

sup
∥h∥<η

1

∥h∥
∥∥Dλgλ∗+h(x, y)−Dλgλ∗(x, y)−D2

λgλ∗(x, y)h
∥∥

is bounded. Lemma D.7 implies

D2
λE[gλ∗(X, Y )] = −E

[(
X ⊗Dum

J∗(Ū)
)
Dλu(λ∗;X, Y )

]
where Y = λ′∗(X ⊗Dum

J∗(Ū)) holds almost surely by Lemma 2.2. Since

(Dλu(λ∗;X, Y ))′ = − X ⊗Dum
J∗(Ū)

λ′∗(X ⊗D2
um

J∗(Ū))
,

we obtain

D2
λE[gλ∗(X, Y )] = E

[
1

λ′∗(X ⊗D2
um

J∗(Ū))

(
X ⊗Dum

J∗(Ū)
) (
X ⊗Dum

J∗(Ū)
)′]
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= E
[

1

X ′Duβ(Ū)

(
X ⊗Dum

J∗(Ū)
) (
X ⊗Dum

J∗(Ū)
)′]

= V.

To show that V is positive definite, suppose that λ ∈ RpJ∗ satisfies λ′V λ = 0. Since

X ′Duβ(Ū) > 0 almost surely by Assumption QL, the fact that λ′V λ = 0 implies that

X ′ΛDum
J∗(Ū) = λ′(X ⊗Dum

J∗(Ū)) = 0 holds almost surely. Multiplying X from the left,

taking the conditional expectation given Ū , and multiplying the inverse of E[XX ′ | Ū ] from
the left, we have ΛDum

J∗(Ū) = 0 almost surely. Since the left-hand side is a vector of

polynomials in Ū , Λ = 0 is necessary. Hence, V is positive definite.

Fix (y, x) and let u(λ) := u(λ;x, y). We observe∣∣∣∣gλ∗+δh(x, y)− gλ∗(x, y)

δ
−Dλgλ∗(x, y)h

∣∣∣∣ ≤ ∣∣∣∣Tδ(u(λ∗ + δh))− Tδ(u(λ∗))

δ

∣∣∣∣
where Tδ : [0, 1] → R is defined as

Tδ(u) := uy − (λ∗ + δh)′(x⊗mJ∗(u)).

Since

DuTδ(u) = y − (λ∗ + δh)′(x⊗Dum
J∗(u))

We have

Tδ(u(λ∗ + δh))− Tδ(u(λ∗))

δ

=

∫ 1

0

(
y − (λ∗ + δh)′(x⊗Dum

J∗(tu(λ∗ + δh) + (1− t)u(λ∗)))
)
dt · u(λ∗ + δh)− u(λ∗)

δ
.

Observing

u(λ∗ + δh)− u(λ∗)

δ
=

(∫ 1

0

Dλu(t(λ∗ + δh) + (1− t)λ∗)dt

)
h

= −
(∫ 1

0

x⊗Dum
J∗(u(λ∗ + tδh))

(λ∗ + tδh)′(x⊗D2
um

J∗(u(λ∗ + tδh)))
dt

)
h

and ∫ 1

0

(
y − (λ∗ + δh)′(x⊗Dum

J∗(tu(λ∗ + δh) + (1− t)u(λ∗)))
)
dt

=

∫ 1

0

(
λ′∗(x⊗Dum

J∗(u(λ∗)))− (λ∗ + δh)′(x⊗Dum
J∗(tu(λ∗ + δh) + (1− t)u(λ∗)))

)
dt
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= λ′∗

(
x⊗

∫ 1

0

Dum
J∗(u(λ∗))−Dum

J∗(tu(λ∗ + δh) + (1− t)u(λ∗))dt

)
+O(|δ|),

showing the L2 convergence of∣∣∣∣gλ∗+δh(X, Y )− gλ∗(X, Y )

δ
−Dλgλ∗(X, Y )h

∣∣∣∣
is a routine work.

Now, Lemma D.6 implies
√
n(λ̂n−λ∗) ⇒ N(0, V −1WV −1) with the linear representation

√
n(λ̂n − λ∗) = − 1√

n

n∑
i=1

V −1
(
Xi ⊗mJ̄((X ′

iβ(·))−1(Yi))
)
+ op(1).

Since

β̂n(·) = Λ̂nDum
J̄(·) =

(
Ip ⊗

(
Dum

J̄(·)
)′)

λ̂n,

the asymptotic normality stated in the theorem follows by the delta method.

C.9 Proof of Proposition 4.3

By Lemma B.2, the empirical distribution γn of (Ûi, Xi, Yi) solves (22). By Lemmas B.6,

B.7, γn converges weakly to γ∗, the joint distribution of (Ūi, Xi, Yi), almost surely. Hence,

we have

Ŵ =

∫ (
x⊗mJ̄(u)

)(
x⊗mJ̄(u)

)′
dγn(u, x, y)

→
∫ (

x⊗mJ̄(u)
)(

x⊗mJ̄(u)
)′
dγ∗(u, x, y)

= W

as n→ ∞ almost surely.

V̂ − V =

∫
1

x′Duβ̂n(u)

(
x⊗Dum

J̄(u)
)(

x⊗Dum
J̄(u)

)′
dγn(u, x, y)

−
∫

1

x′Duβ(u)

(
x⊗Dum

J̄(u)
)(

x⊗Dum
J̄(u)

)′
dγ∗(u, x, y)

=

∫ (
1

x′Duβ̂n(u)
− 1

x′Duβ(u)

)(
x⊗Dum

J̄(u)
)(

x⊗Dum
J̄(u)

)′
dγn(u, x, y)

+

∫
1

x′Duβ(u)

(
x⊗Dum

J̄(u)
)(

x⊗Dum
J̄(u)

)′
d(γn − γ∗)(u, x, y)
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=: I1 + I2.

Since (A(ε)
f , δ(ε), K(ε)) is imposed, we have a lower bound

inf
(u,x)∈[0,1]×X

x′Duβ̂n(u) ≥ ε.

The integrand of I1 is uniformly bounded and converges to zero, as we have∣∣∣∣∣
(

1

x′Duβ̂n(u)
− 1

x′Duβ(u)

)(
x⊗Dum

J̄(u)
)(

x⊗Dum
J̄(u)

)′∣∣∣∣∣
≤ 1

ε2
·
∣∣∣x′ (Λ∗ − Λ̂n

)
D2
um

J̄(u)
∣∣∣ · ∣∣∣∣(x⊗Dum

J̄(u)
)(

x⊗Dum
J̄(u)

)′∣∣∣∣
≤ C

∥∥∥Λ∗ − Λ̂n

∥∥∥
→ 0

where C > 0 is some positive constant independent of n, and therefore, I1 → 0 holds almost

surely. Since γn weakly converges to γ∗ and [0, 1]×X ×Y is compact, we have I2 → 0 almost

surely. Thus, we obtain V̂ → V almost surely.

C.10 Proof of Theorem 6.1

The uniform consistency of β̂
(ε)
n is an immediate consequence of Theorem 4.1. It is easy to

check that for any compact set K ⊂ (0, 1),

lim
n→∞

sup
u∈K

∣∣∣Q̂(ε)
B,n(u | x)−QB(u | x)

∣∣∣ = 0 a.s. (29)

holds. Let u > 0 be a small positive number. Since

QV (u | x) = QB(u | x) + u

I − 1
DuQB(u | x)

and

Q̂
(ε)
V,n(u | x) = Q̂

(ε)
B,n(u | x) + u

I − 1
DuQ̂

(ε)
B,n(u | x)

hold, for each u ∈ (0, 1), we have

φ̂
(ε)
V,n(u | x) :=

∫ u

u

Q̂
(ε)
V,n(v | x)dv
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=
I − 2

I − 1

∫ u

u

Q̂
(ε)
B,n(v | x)dv + 1

I − 1

(
uQ̂

(ε)
B,n(u | x)− uQ̂

(ε)
B,n(u | x)

)
→ I − 2

I − 1

∫ u

u

QB(v | x)dv + 1

I − 1
(uQB(u | x)− uQB(u | x))

=

∫ u

u

QV (v | x)dv =: φV (u | x)

almost surely by (29). Since Q̂V,n(· | x) is increasing by construction, φ̂
(ε)
V,n is convex on

(0, 1). By Theorem 25.7 of Rockafellar (1970), Q̂
(ε)
V,n(· | x) = Dφ̂

(ε)
V,n(· | x) converges to

QV (· | x) = DφV (· | x) locally uniformly. The consistency of γ̂
(ε)
n holds from that of

Q̂
(ε)
V,n(· | x) in the same way as the last part of the proof of Theorem 4.1.

Since ξ̂
(ε)
B,n = Q̂

(ε)
V,n ◦ F̂

(ε)
B,n, it suffices to show the locally uniform convergence of F̂

(ε)
B,n. Fix

b ∈ (ξ−1
B (v | x), ξ−1

B (v | x)). Since QB(FB(b | x) | x) = b = Q̂
(ε)
B,n(F̂

(ε)
B,n(b | x) | x), we have

Q̂
(ε)
B,n(FB(b | x) | x)−QB(FB(b | x) | x)

=
(
Q̂

(ε)
B,n(FB(b | x) | x)− Q̂

(ε)
B,n(F̂

(ε)
B,n(b | x) | x)

)
+
(
Q̂

(ε)
B,n(F̂

(ε)
B,n(b | x) | x)−QB(FB(b | x) | x)

)
=

∫ 1

0

DQ̂
(ε)
B,n(tFB(b | x) + (1− t)F̂

(ε)
B,n(b | x) | x)dt ·

(
FB(b | x)− F̂

(ε)
B,n(b | x)

)
.

Let [b′, b
′
] ⊂ (ξ−1

B (v | x), ξ−1
B (v | x)) be a compact interval. Then, we get

sup
b∈[b′,b′]

∣∣∣F̂ (ε)
B,n(b | x)− FB(b | x)

∣∣∣ = sup
b∈[b′,b′]

∣∣∣∣∣ Q̂
(ε)
B,n(FB(b | x) | x)−QB(FB(b | x) | x)∫ 1

0
DQ̂

(ε)
B,n(tFB(b | x) + (1− t)F̂

(ε)
B,n(b | x) | x)dt

∣∣∣∣∣
≤ 1

ε
sup

u∈[FB(b′|x),FB(b
′|x)]

∣∣∣Q̂(ε)
B,n(u | x)−QB(u | x)

∣∣∣
→ 0.

The convergence of (ξ̂
(ε)
B,n)

−1 can be shown in the same way.

C.11 Proof of Lemma B.1

For i = 1, . . . , n, define Ai : Rn × Rp×Jn → C[0, 1], bi ∈ C[0, 1], and Ki ⊂ C[0, 1] as

Ai(ψ,Λ)(u) := X ′
iΛm

Jn(u) + ψi, bi(u) := −uYi,

and

Ki := {k ∈ C[0, 1] | k(u) ≥ 0 for all u ∈ [0, 1]}.

59



Also, define Ãf : Rn×Rp×Jn → D as Ãf (ψ,Λ) := Āf (Λ). Then, if we setA := (A1, . . . ,An, Ãf ),

b := (b1, . . . , bn, δ), and K := K1 × · · · ×Kn ×K, the constraint of LP (21) is equivalent to

A(ψ,Λ) + b ∈ K. By Assumption IF, there exists some (ψ,Λ) such that A(ψ,Λ) + b ∈
Int(C[0,1])p×D(K). By Theorem 2.9 of Shapiro (2001), the existence of a solution to (22) and

the strong duality hold.

C.12 Proof of Lemma B.2

By the first constraint of (21) and the first constraint of (22), uy− ψ̄(x, y)− x′ΛmJn(u) ≤ 0

holds for γ-almost all (u, x, y). Integrating both sides of the inequality with respect to γ

yields

0 ≥
∫
uy − ψ̄(x, y)− x′ΛmJn(u)dγ =

∫
uydγ − 1

n

n∑
i=1

ψi −
∫
x′ΛmJn(u)dγ.

The second constraint of (22) implies

−
∫
x′ΛmJn(u)dγ =

〈
Ā∗
fρ,Λ

〉
=
〈
ρ, Āf (Λ)

〉
=
〈
ρ, Āf (Λ) + δ

〉
− ⟨ρ, δ⟩ ≥ − ⟨ρ, δ⟩ ,

where the last inequality holds by the second constraint of (21) and ρ ∈ K∗. Moreover, the

strong duality implies
1

n

n∑
i=1

ψi =

∫
uydγ − ⟨ρ, δ⟩ .

From these (in)equalities, we have

0 ≥
∫
uy − ψ̄(x, y)− x′ΛmJn(u)dγ ≥

∫
uydγ − 1

n

n∑
i=1

ψi − ⟨ρ, δ⟩ = 0.

Since the integrand of the second term is negative, the fact that the first inequality is an

equality implies

uy = ψ̄(x, y) + x′ΛmJn(u) γ-a.s..

The fact that the second inequality is an equality implies

〈
ρ, Āf (Λ) + δ

〉
= 0.
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C.13 Proof of Lemma B.3

Recall from Lemma 2.3 that (ψβ, σβ) is a solution to (7). By Assumptions QL, NC, SR, σβ

satisfies Af (Dσβ(·)) + δ ∈ K, which implies that the pair (ψβ, σβ) is feasible to (23) and

consequently, is a solution. The uniqueness holds by Lemma 2.3.

C.14 Proof of Lemma B.4

Let γ∗ ∈ P([0, 1]×X ×Y) be the joint distribution of (Ū ,X, Y ), where Ū = (X ′β(·))−1(Y ).

Assumptions QL, LS and Theorem 3.3 (i) of Carlier et al. (2016) imply that γ∗ is a solution

to the LP (25). Since (γ∗, 0) is feasible to (24), the value of (25) is less than or equal to that

of (24). It is easy to see that the LP (23) is equivalent to

inf
ψ∈C(X×Y)

β̄∈B(k)

∫
ψdFXY

s.t.

uy ≤ ψ(x, y) + x′σβ̄(u) for (u, x, y) ∈ [0, 1]×X × Y

Af β̄ + δ ∈ K

, (30)

where

σβ̄(u) :=

∫ u

0

β̄(v)dv −
∫ 1

0

(∫ ũ

0

β̄(v)dv

)
dũ.

By (2.4) of Shapiro (2001), (24) is the dual of (30). By the weak duality, the value of (24) is

less than or equal to that of (30). Recalling the equivalence between (23) and (30), Lemma

B.3 implies that the value of (30) is equal to that of (7). Since the strong duality holds

between (7) and (25) by Theorem C.2 of Carlier et al. (2016), the value of (7) is equal to

that of (25). These are summarized as

(25) ≤ (24) ≤ (30) = (23) = (7) = (25).

Therefore, all of the values are equal, and in particular, the value of (23) is equal to that of

(24).

C.15 Proof of Lemma B.5

By the first constraint of (23), uy−ψ(x, y)−x′σ(u) ≤ 0 holds for all (u, x, y) ∈ [0, 1]×X ×Y .
Integrating both sides of the inequality with respect to γ yields

0 ≥
∫
uy − ψ(x, y)− x′σ(u)dγ =

∫
uydγ −

∫
ψdFXY −

∫
x′σ(u)dγ.
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We also observe∫ 1

0

(∫
1{u ≤ v}xdγ12(v, x)

)′

Duσ(u)du =

∫
x′ (σ(v)− σ(0)) dγ12(v, x)

=

∫
x′σ(v)dγ12(v, x)−

(∫
x′dγ2(x)

)
σ(0),

and ∫ 1

0

(
(1− u)

∫
xdγ2(x)

)′

Duσ(u)du =

(∫
xdγ2(x)

)′(∫ 1

0

(1− u)Duσ(u)du

)
= −

(∫
xdγ2(x)

)′

σ(0),

where the last equality holds by σ ∈ (L1
0[0, 1])

p. Combining these with the second constraint

of (24) yields

−
∫
x′σ(u)dγ =

〈
A∗
fρ,Dσ

〉
= ⟨ρ,Af (Dσ(·))⟩ = ⟨ρ,Af (Dσ(·)) + δ⟩ − ⟨ρ, δ⟩ ≥ − ⟨ρ, δ⟩ ,

where the last inequality holds by the second constraint of (24) and ρ ∈ K∗. Moreover, the

strong duality implies ∫
ψdFXY =

∫
uydγ − ⟨ρ, δ⟩ .

From these (in)equalities, we have

0 ≥
∫
uy − ψ − x′σ(u)dγ ≥

∫
uydγ −

∫
ψdFXY − ⟨ρ, δ⟩ = 0.

Since the integrand of the second term is negative, the fact that the first inequality is an

equality implies

uy = ψ(x, y) + x′σ(u) γ-a.s..

The fact that the second inequality is an equality implies

⟨ρ,Af (Dσ(·)) + δ⟩ = 0.

C.16 Proof of Lemma B.6

By the first part of the proof of Lemma B.4, (γ∗, 0) is a solution to (24). To show the

uniqueness, suppose that (γ, ρ) is a solution to (24). Recall that (ψβ, σβ) is a solution to
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(23) by Lemma B.3. By Lemma B.5, it holds that

u ∈ argmax
ũ∈[0,1]

(ũy − x′σβ(ũ)) for γ- and γ∗-almost all (u, x, y).

Since ũ 7→ x′σβ(ũ) is strictly convex by Assumption QL, the argmax set is singleton for all

(x, y) ∈ X × Y . Hence, γ1|23(· | x, y) = γ∗1|23(· | x, y) for all (x, y). Since γ12 = FXY = γ∗12,

we have γ = γ∗.

C.17 Proof of Lemma B.7

By the standard tightness argument and Prokhorov’s theorem, γn converges weakly to γ∞ ∈
P([0, 1]×X × Y) up to a subsequence. By Assumption BB, there exists ε > 0 such that

tr
(
ΛBB
n Ā∗

fρn
)
=
〈
ρn, ĀfΛ

BB
n

〉
≥ ε ∥ρn∥ .

This inequality and the second constraint of (24) imply

−tr

(
ΛBB
n

(∫
mJn(u)x′dγn,12(u, x)

))
≥ ε ∥ρn∥ ≥ 0.

By Assumptions BS, BB, the left-hand side is bounded uniformly over n. The Banach–Alaoglu

theorem implies that ρn converges to ρ∞ ∈ D∗ with respect to the weak-∗ topology up to a

subsequence.

The second constraint of (24) is equivalent to the following condition.

For any vector of polynomials φ = (φ1, . . . , φp)
′ such that φ1, . . . , φp ∈ L1

0[0, 1],∫
x′φ(u)dγ12(u, x) + ⟨ρ,Af (Dφ)⟩ = 0.

(31)

We shall show that the limit pair (γ∞, ρ∞) is feasible to the LP (24) almost surely. To

see this, observe that γn,12 =
1
n

∑n
i=1 δ(Xi,Yi), which implies γ∞,12 = FXY almost surely. Next,

to consider condition (31), let φ = (φ1, . . . , φp)
′ be a p-dimensional vector of polynomials

such that φ1, . . . , φp ∈ L1
0[0, 1]. Since Jn → ∞, for sufficiently large n, there exists Φ ∈ Rp×Jn

such that φ(·) = ΦmJn(·). By the second constraint of (22), we have

⟨ρ∞,Af (Dφ)⟩ =
〈
ρ∞, Āf (Φ)

〉
= lim

n→∞

〈
ρn, Āf (Φ)

〉
= lim

n→∞

〈
Ā∗
fρn,Φ

〉
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= − lim
n→∞

tr

(
Φ

∫
mJn(u)x′dγn,12(u, x)

)
= − lim

n→∞

∫
x′φ(u)dγn,12(u, x)

= −
∫
x′φ(u)dγ∞,12(u, x),

which implies that condition (31) holds, and hence, (γ∞, ρ∞) is feasible to the LP (24) almost

surely.

Let Dn be the value of (21) and D∗ be that of (7). By Lemma C.1 below, we have

lim infn→∞Dn ≥ D∗ almost surely. Now, we have∫
uydγ∞ − ⟨ρ∞, δ⟩ = lim inf

n→∞

∫
uydγn − ⟨ρn, δ⟩

= lim inf
n→∞

Dn

≥ D∗

=

∫
ψβdFXY

=

∫
uydγ∗,

where the first equality holds since (γn, ρn) converges to (γ∞, ρ∞) up to a subsequence, the

second holds by Lemma B.1, and the fourth holds by Lemma B.4. Since (γ∞, ρ∞) is feasible

to (24), the above inequality implies that the pair is optimal. By Lemma B.6, we have

γ∞ = γ∗. As the limit is independent of the choice of subsequence, the weak convergence of

γn to γ∞ = γ∗ occurs almost surely without taking a subsequence.

Lemma C.1. Let Dn be the value of (21) and D∗ be that of (7). Under the same setup as

Lemma B.7, lim infn→∞Dn ≥ D∗ holds almost surely.

Proof. Let ε > 0. For each n, there exists Λn in the set (27) such that Āf (Λn) + δ ∈ K and

1

n

n∑
i=1

ψn(Xi, Yi) < Dn + ε

where ψn(x, y) := supu∈[0,1]
(
uy − x′Λnm

Jn(u)
)
. Since (ψn,ΛnDum

Jn(·)) is feasible for (7),

we have ∫
ψβdFXY ≤

∫
ψndFXY .

By the first part of the proof of Theorem 4.1, there exists a continuous function σ̄ :

(0, 1) → R such that Λnm
Jn(·) converges to σ̄ locally uniformly on (0, 1) up to a subsequence.
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Observe

ψn(x, y) = sup
u∈(0,1)

(
y

x

)′(
u

−Λnm
Jn(u)

)
.

Let

ψ̄(x, y) := sup
u∈(0,1)

(uy − x′σ̄(u)) = sup
u∈(0,1)

(
y

x

)′(
u

−σ̄(u)

)
.

Lemma D.8 implies

sup
(x,y)∈X×Y

∣∣ψn(x, y)− ψ̄(x, y)
∣∣→ 0

up to a subsequence. Since ψ̄ is the limit of a uniformly convergent sequence of continuous

functions ψn, it is continuous. The compactness of X × Y implies the boundedness of ψ̄.

Then, we have

lim inf
n→∞

(
1

n

n∑
i=1

ψn(Xi, Yi)

)
−
∫
ψβdFXY = lim inf

n→∞

(
1

n

n∑
i=1

ψn(Xi, Yi)−
∫
ψβdFXY

)

≥ lim inf
n→∞

(
1

n

n∑
i=1

ψn(Xi, Yi)−
∫
ψndFXY

)

= lim inf
n→∞

(
1

n

n∑
i=1

ψ̄(Xi, Yi)−
∫
ψ̄dFXY

)
= 0

by the dominated convergence theorem. Hence, we have lim infn→∞Dn ≥ D∗.

D Useful Lemmas

Lemma D.1. Let L ⊂ Rp×J be a nonempty closed set. Let µ ∈ P(X × Y) be a probability

measure, where X ⊂ Rp and Y ⊂ R are bounded. Assume that
∫
xx′dν is full-rank for some

probability measure ν ∈ P(X ). Let c : [0, 1]×X ×Y → R be a continuous function. The LP

inf
ψ∈L1(FXY )

Λ∈L

∫
φdµ

s.t. c(u, x, y) ≤ ψ(x, y) + x′ΛmJ(u) for (u, x, y) ∈ [0, 1]×X × Y
(32)

is finite and attains the minimum.

Proof. For a Λ ∈ L, the pair (ψ(·, ·) : (x, y) 7→ supu∈U(c(u, x, y) − x′ΛmJ(u)),Λ) is feasible

and has weakly smaller value of the objective than any other feasible pair associated with
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the same Λ. Observe that for x ∈ X , ψ(x, ·) has the same modulus of continuity as c because

for y, ỹ ∈ Y ,

|ψ(x, y)− ψ(x, ỹ)| ≤ sup
u∈U

|c(u, x, y)− c(u, x, ỹ)| ≤ ωc(|y − ỹ|),

where ωc : R+ → R+ is a modulus of continuity of c. Moreover, let ψ̃(x, ỹ) := ψ(x, ỹ) −
miny∈Y ψ(x, y). Then ωc is a modulus of continuity of ψ̃(x, ·) as well. Hence, the stated LP

has the same value as

inf
ψ̃∈Fc,η∈R,Λ∈L

∫
ψ̃dµ+ η

s.t. c(u, x, y) ≤ ψ̃(x, y) + η + x′ΛmJ(u) for (u, x, y) ∈ [0, 1]×X × Y
(33)

where

Fc :=

{
ψ̃ : X × Y → R | For x ∈ X , ψ̃(x, ·) has a modulus of continuity ωc and min

y∈Y
ψ̃(x, y) = 0

}
.

Observing that for a given pair (ψ̃,Λ) ∈ Fc × L, the optimal η is given by

η = sup
(u,x,y)∈[0,1]×X×Y

{c(u, x, y)− ψ̃(x, y)− x′ΛmJ(u)},

the problem is further rewritten as

inf
ψ̃∈Fc

[∫
ψ̃dµ+ inf

Λ∈L
sup

(u,x)∈[0,1]×X

{
sup
y∈Y

(
c(u, x, y)− ψ̃(x, y)

)
− x′ΛmJ(u)

}]
.

Now, we fix some ψ̃ ∈ Fc and consider the infimum of

Vc(Λ) := Vc(Λ; ψ̃) := sup
(u,x)∈[0,1]×X

{
sup
y∈Y

(
c(u, x, y)− ψ̃(x, y)

)
− x′ΛmJ(u)

}

over Λ ∈ L. Let Λ̄ ∈ L ≠ ∅. Observe that

Vc(Λ̄) ≤ C − inf
(u,x)∈[0,1]×X

x′Λ̄mJ(u),

where

C := max
(u,x,y)∈[0,1]×X×Y

|c(u, x, y)| <∞.
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Consider the set

S := Sp,J,C,Λ̄ :=

{
Λ ∈ Rp×J | inf

(u,x)∈[0,1]×X
x′ΛmJ(u) ≥ −2C + inf

(u,x)∈[0,1]×X
x′Λ̄mJ(u)

}
.

If Λ /∈ S, then it is suboptimal. Indeed, the inequality

inf
(u,x)∈[0,1]×X

x′ΛmJ(u) < −2C + inf
(u,x)∈[0,1]×X

x′Λ̄mJ(u)

implies

Vc(Λ) ≥ −C − inf
(u,x)∈[0,1]×X

x′ΛmJ(u) > C − inf
(u,x)∈[0,1]×X

x′Λ̄mJ(u) ≥ Vc(Λ̄).

Hence, to find the infimum of Vc(Λ) over Λ ∈ L, we can focus on S.

We shall show that S is compact. Clearly, the set is closed. Suppose for a contradiction

that S is unbounded. Since S is convex and Λ̄ ∈ S, there exists V ∈ Rp×J \ {0} such that

{Λ̄ + aV | a > 0} ⊂ S. The definition of S implies that for all a > 0 and (u, x) ∈ [0, 1]×X ,

x′Λ̄mJ(u) + ax′V mJ(u) ≥ −2C + inf
(u,x)∈[0,1]×X

x′Λ̄mJ(u),

and therefore, for all a > 0, we have

a inf
(u,x)∈[0,1]×X

x′V mJ(u) ≥ −2C − 2
∥∥Λ̄∥∥ · sup

u∈U

∥∥mJ(u)
∥∥ · sup

x∈X
∥x∥ > −∞,

which implies inf(u,x)∈[0,1]×X x
′V mJ(u) ≥ 0 by considering a↗ ∞. Since

∫ 1

0
x′V mJ(u)du = 0

by the definition of mJ , we have x′V mJ(u) = 0 for (u, x) ∈ [0, 1] × X . Since nontrivial

polynomials do not coincide with zero on an open interval, V ′x = 0 holds for each x ∈ X .
By the invertibility of

∫
xx′dν, we have V = 0, but this contradicts the choice of V. Thus, S

is bounded, and consequently, compact.

Observe that S = Sp,J,C,Λ̄ does not depend on the choice of ψ̃ ∈ Fc. Hence, the original

LP is transformed as follows:

inf
ψ∈L1(FXY )

Λ∈L

∫
ψdµ

s.t. c(u, x, y) ≤ ψ(x, y) + x′ΛmJ(u) for (u, x, y) ∈ [0, 1]×X × Y

=
inf

ψ̃∈Fc,η∈R,Λ∈L

∫
ψ̃dµ+ η

s.t. c(u, x, y) ≤ ψ̃(x, y) + η + x′ΛmJ(u) for (u, x, y) ∈ [0, 1]×X × Y
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= inf
ψ̃∈Fc

[∫
ψ̃dµ+ inf

Λ∈L
Vc(Λ; ψ̃)

]
= inf

ψ̃∈Fc

[∫
ψ̃dµ+ inf

Λ∈L∩S
Vc(Λ; ψ̃)

]

=
inf

ψ̃∈Fc,η∈R,Λ∈L∩S

∫
ψ̃dµ+ η

s.t. c(u, x, y) ≤ ψ̃(x, y) + η + x′ΛmJ(u) for (u, x, y) ∈ [0, 1]×X × Y

=

inf
ψ∈L1(FXY )

Λ∈L∩S

∫
ψdµ

s.t. c(u, x, y) ≤ ψ(x, y) + x′ΛmJ(u) for (u, x, y) ∈ [0, 1]×X × Y

= inf
Λ∈L∩S

∫
sup
u∈[0,1]

{
c(u, x, y)− x′ΛmJ(u)

}
dµ.

Since the objective function of the last expression is continuous in Λ and L ∩ S is compact,

it admits a minimizer Λopt ∈ L ∩ S. For this Λopt, define

ψopt(x, y) := sup
(u,x,y)∈[0,1]×X×Y

{
c(u, x, y)− x′ΛmJ(u)

}
.

Since it is easily seen that the pair (ψopt,Λopt) is feasible to the original problem LP, the

pair is a solution.

Lemma D.2. For any ε ∈ (0, 1/2),

max
x∈[ε,1−ε]

f(x) ≤ 1

2ε

∫ 1

0

|f(x)|dx

holds for all convex function f : [0, 1] → R.

Proof. Let x0 ∈ [ε, 1− ε] be such that f(x0) = maxx∈[ε,1−ε] f(x). Then, we have

f(x0) ≤
1

2ε

∫ x0+ε

x0−ε
f(x)dx ≤ 1

2ε

∫ 1

0

|f(x)|dx

where the first inequality holds by the Hermite-Hadamard inequality.

Lemma D.3. For all continuous functions f : [0, 1] → R such that
∫ 1

0
f = 0,∫ 1

0

|f(x)|dx ≤ 2

(
− min

x∈[0,1]
f(x)

)
holds.
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Proof. Since
∫ 1

0
f = 0, we have −minx∈[0,1] f(x) ≥ 0. Let a ∈ (0, 1) be the Lebesgue measure

of the set {x ∈ [0, 1] | f(x) ≤ 0}. Then,

− min
x∈[0,1]

f(x) ≥ a

(
− min

x∈[0,1]
f(x)

)
≥
∫ 1

0

f− =
1

2

∫ 1

0

|f(x)|dx

where f−(x) := −(f(x) ∧ 0).

Proposition D.4. Let ε ∈ (0, 1/2). For M > 0, let

FM :=

{
f : [0, 1] → R | f is differentiable and convex,

∫ 1

0

f = 0,− min
x∈[0,1]

f(x) ≤M

}
.

Then,

sup
f∈FM

sup
x∈[ε,1−ε]

|f(x)| <∞ and sup
f∈FM

sup
x∈[ε,1−ε]

|f ′(x)| <∞

hold for any M. That is, FM |[ε,1−ε] is uniformly bounded and equicontinuous. In particular,

FM |[ε,1−ε] is relatively compact in C[ε, 1− ε].

Proof. Let f ∈ FM . It is clear from the definition of FM that

− min
x∈[ε,1−ε]

f(x) ≤ − min
x∈[0,1]

f(x) ≤M.

By Lemmas D.2, D.3, we also have

max
x∈[ε,1−ε]

f(x) ≤ 1

2ε

∫ 1

0

|f(x)|dx ≤ 1

ε

(
− min

x∈[0,1]
f(x)

)
≤ M

ε
.

Combining these inequalities completes the proof of the uniform boundedness. The propo-

sition holds since Theorem 10.6 of Rockafellar (1970) implies that FM |[ε,1−ε] is uniformly

Lipschitz.

Lemma D.5. Let fn, f : R → R̄ be proper lsc convex functions such that domf has nonempty

interior. If fn converges to f locally uniformly on the interior of domf, then ∂fn converges

to ∂f graphically.

Proof. By Theorem 7.17 of Rockafellar and Wets (2009), fn epi-converges to f. Their The-

orem 12.35 concludes the convergence of the subdifferentials.

Lemma D.6 (Example 3.2.12 of van der Vaart and Wellner (1996)). Let Θ be an open set

of Rd, and θ0 ∈ Θ. Let X1, . . . , Xn be i.i.d. random variables with common law P, and let
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gθ : X → R be a measurable function such that

|gθ1(x)− gθ2(x)| ≤ ġ(x) ∥θ1 − θ2∥

holds for any θ1, θ2 ∈ Θ in a neighborhood of θ0, where ġ ∈ L2(P ). Let θ̂n be a maximizer of

θ 7→ n−1
∑n

i=1 gθ(Xi), and suppose θ̂n → θ0 in probability. Moreover, assume that the map

θ 7→
∫
gθdP is maximized at θ = θ0 and twice continuously differentiable at θ = θ0 with a

non-singular second-derivative V. If there exists a measurable function ġθ0 : X → Rd such

that ∫ (
gθ0+δh − gθ0

δ
− h′ġθ0

)2

dP → 0

as δ → 0 for any h ∈ Rd, then
√
n(θ̂n − θ0) converges weakly to N(0, V −1WV −1), where

W :=
∫
ġθ0 ġ

′
θ0
dP.

Lemma D.7. Let (X,µ) be a measure space. Let Θ ⊂ Rk be an open set and θ0 ∈ Θ. Let

f : X×Θ → R be such that (i) f(·, θ) is in L1(µ) for all θ ∈ Θ and (ii) f(x, ·) is differentiable
at θ0 for µ-almost all x. Furthermore, assume that ∇θf(·, θ0) ∈ L1(µ), and that there exist

ε > 0 and g ∈ L1(µ) such that

sup
∥h∥≤ε

1

∥h∥
|f(x, θ0 + h)− f(x, θ0)− h′∇θf(x, θ0)| ≤ g(x) for µ-almost all x.

Then, the function F : Θ → R, F (θ) :=
∫
X
f(x, θ)dµ is differentiable at θ0 and the derivative

is given by

∇θF (θ0) =

∫
X

∇θf(x, θ0)dµ.

Proof. Since

1

∥h∥

∣∣∣∣F (θ0 + h)− F (θ0)− h′
∫
X

∇θf(x, θ0)dµ

∣∣∣∣ ≤ ∫
X

1

∥h∥
|f(x, θ0 + h)− f(x, θ0)− h′∇θf(x, θ0)| dµ

By the differentiability of f(x, ·) at θ0, the integrand converges to zero µ-almost surely.

By the uniformity condition, Lebesgue’s dominated convergence theorem implies that the

right-hand side converges to zero as ∥h∥ → 0.

Lemma D.8. Let V ⊂ Rd be a compact set. Suppose that hn, h : (0, 1) → Rd are continuous

functions such that hn converges to h locally uniformly on (0, 1), and the maps u 7→ z′hn(u)

and u 7→ z′h(u) are both concave on (0, 1) for all z ∈ V. Let fn(z) := supu∈(0,1) z
′hn(u) and

f(z) := supu∈(0,1) z
′h(u) for z ∈ V. Then, fn converges to f uniformly on V.
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Proof. Fix ε > 0. For each z ∈ V, there exists uz ∈ (0, 1) such that f(z) < z′h(uz)+ε. Define

Vz := {w ∈ V | f(w) < w′h(uz)+ ε}. Since f is continuous by Corollary 2a of Pinelis (2013),

(Vz)z∈V is an open cover of V. By the compactness of V, there exist z1, . . . zk ∈ V such that

V =
⋃k
i=1 Vzi . Letting uε := (mini=1,...,k uzi) ∧ ε and uε := (maxi=1,...,k uzi) ∨ (1− ε), we have

that for any z ∈ V,

f(z) < max
i=1,...,k

z′h(uzi) + ε ≤ sup
u∈[uε,uε]

z′h(u) + ε,

and therefore,

sup
z∈V

(
f(z)− sup

u∈[uε,uε]
z′h(u)

)
≤ ε (34)

holds. We also observe that since hn converges to h uniformly on [uε, uε], there exists Nε

such that

n ≥ Nε ⇒ sup
z∈V

sup
u∈[uε,uε]

|z′hn(u)− z′h(u)| < ε. (35)

For z ∈ V, u ∈ [uε, uε] and n ≥ Nε, we have

z′hn(u) ≤ z′h(u) + ε ≤ f(z) + ε

by (35). For z ∈ V, u ∈ (uε, 1) and n ≥ Nε, we have

z′hn(u) = z′hn(uε) + (u− uε)
z′hn(u)− z′hn(uε)

u− uε

≤ z′hn(uε) + (u− uε)
z′hn(uε)− z′hn(1/2)

uε − 1/2

≤ z′h(uε) + ε+ (1− uε)

(
z′hn(uε)− z′hn(1/2)

uε − 1/2
∨ 0

)
≤ f(z) + ε+ (1− uε)

(
z′hn(uε)− z′hn(1/2)

uε − 1/2
∨ 0

)
by the concavity and (35). For z ∈ V, u ∈ (0, uε) and n ≥ Nε, we have

z′hn(u) = z′hn(uε) + (u− uε)
z′hn(u)− z′hn(uε)

u− uε

≤ z′hn(uε) + (u− uε)
z′hn(uε)− z′hn(1/2)

uε − 1/2

≤ z′h(uε) + ε− uε

(
z′hn(uε)− z′hn(1/2)

uε − 1/2
∧ 0

)
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≤ f(z) + ε− uε

(
z′hn(uε)− z′hn(1/2)

uε − 1/2
∧ 0

)
by the concavity and (35). For small ∆ > 0 and n ≥ Nε, we get

z′hn(uε)− z′hn(1/2)

uε − 1/2
=
z′h(uε)− z′h(1/2)

uε − 1/2
+
z′hn(uε)− z′h(uε)

uε − 1/2
+
z′h(1/2)− z′hn(1/2)

uε − 1/2

≤ z′h(1/2 + ∆)− z′h(1/2)

∆
+

2ε

uε − 1/2

by (35). Similarly, it holds that

z′hn(uε)− z′hn(1/2)

uε − 1/2
≥ z′h(1/2 + ∆)− z′h(1/2)

∆
− 2ε

1/2− uε

Therefore, if D1/2 := ∆1/2(z′h(1/2 + ∆)− z′h(1/2)), we obtain

fn(z) = sup
u∈(0,1)

z′hn(u)

≤ f(z) + ε+max

(
0, (1− uε)

(
D1/2 +

2ε

uε − 1/2

)
,−uε

(
D1/2 −

2ε

1/2− uε

))
for n ≥ Nε, which implies

sup
n≥Nε

sup
z∈V

(fn(z)− f(z)) ≤ ε+max

(
0, (1− uε)

(
D1/2 +

2ε

uε − 1/2

)
,−uε

(
D1/2 −

2ε

1/2− uε

))
.

By letting ε→ 0, we have

lim sup
n→∞

sup
z∈V

(fn(z)− f(z)) ≤ 0. (36)

On other other hand, for z ∈ V and n ≥ Nε, we have

fn(z) ≥ sup
u∈[uε,uε]

z′hn(u)

≥ sup
u∈[uε,uε]

z′h(u)− ε

≥ f(z)− 2ε

by (34) and (35), which implies

lim inf
n→∞

inf
z∈V

(fn(z)− f(z)) ≥ 0. (37)
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Combining (36) and (37) yields

lim
n→∞

sup
z∈V

|fn(z)− f(z)| = 0.

E Computational Efficiency of β̂n and β̂BRW

In this section, we compare the proposed estimator β̂n and the estimator β̂BRW proposed by

Bondell et al. (2010) from the perspective of computation. First, we transform them into

the non-redundant canonical form. Using the equality ρu(ε) = ε+ − (1 − u)ε, the convex

problem (12) is rewritten as the following linear program:

min
(β+

ℓ )ℓ=1,...,L∈Rp×L
+

(β−
ℓ )ℓ=1,...,L∈Rp×L

+

(γ+iℓ)i=1,...,n,ℓ=1,...,L∈Rn×L
+

(γ−iℓ)i=1,...,n,ℓ=1,...,L∈Rn×L
+

(sxℓ)x,ℓ∈R
|Xk|×L
+

L∑
ℓ=1

n∑
i=1

(
uγ+iℓ + (1− u)γ−iℓ

)

s.t.

γ+iℓ − γ−iℓ = Yi −X ′
i(β

+
ℓ − β−

ℓ ) for (i, ℓ) ∈ {1, . . . , n} × {1, . . . , L}

x′(β+
ℓ+1 − β−

ℓ+1) = x′(β+
ℓ − β−

ℓ ) + sxℓ for (x, ℓ) ∈ Xk × {1, . . . , L− 1}

. (38)

The canonical form of the LP (11) with the non-crossing condition is

min
(ψ+

i )i=1,...n∈Rn
+

(ψ−
i )i=1,...n∈Rn

+

Λ+∈Rp×Jn
+

Λ−∈Rp×Jn
+

(s
(1)
iℓ )i,ℓ∈Rn×L

+

(s
(2)
xℓ )x,ℓ∈R

|Xk|×L
+

n∑
i=1

(
ψ+
i − ψ−

i

)

s.t.

uℓYi + s
(1)
iℓ = ψ+

i − ψ−
i +X ′

i(Λ
+ − Λ−)mJn(uℓ) for (i, ℓ) ∈ {1, . . . , n} × {1, . . . , L}

x′(Λ+ − Λ−)D2
um

Jn(uℓ) = s
(2)
xℓ for (x, ℓ) ∈ Xk × {1, . . . , L− 1}

,

(39)

where the constraints are imposed for u ∈ {u1, . . . , uL} and x ∈ Xk for a fair comparison.

While both problems have the same number of constraints, C := (n+ |Xk|)L, they have

different number of variables. It is easy to check that (38) has VBRW := (2p + 2n + |Xk|)L
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variables whereas there are VSR := 2n+ 2pJn + (n+ |Xk|)L variables in (39). The fact that

VBRW − VSR = n(L− 2) + 2p(L− Jn)

implies that whenever the number L of quantiles is greater than the degree Jn of the polyno-

mial basis, which is always true in our numerical studies and empirical applications below,

our formulation has less variables than the approach based on the check function minimiza-

tion does. The difference is not negligible especially when the sample size n is large.

Just because an LP involves fewer variables and constraints than another, it does not

necessarily mean the former is easier to solve than the latter. LP solvers often exploits

the sparsity of the coefficient matrix of LPs to improve the computational efficiency. We

calculate the sparsity index of the coefficient matrix, defined as the number of zero entries

divided by the number of all entries in the matrix, for each problem, although it does not

characterize the computational efficiency perfectly. The index for the LP (38) is

SBRW := 1− #non-zeros

#variables×#constraints
= 1− 2(1 + p)nL+ (4p+ 1)|Xk|L

VBRWC
,

and the index of (39) is

SSR := 1− (3 + pJn)nL+ (pJn + 1)|Xk|L
VSRC

.

Then, we have

1− SBRW

1− SSR

=
VSR
VBRW

· 2(1 + p)nL+ (4p+ 1)|Xk|L
(3 + pJn)nL+ (pJn + 1)|Xk|L

≍ Jn + (n+ |Xk|)L
(n+ |Xk|)L

· (n+ |Xk|)L
Jn(n+ |Xk|)L

=
Jn + (n+ |Xk|)L
Jn(n+ |Xk|)L

,

where the approximation is up to constant scale with p fixed. In most relevant cases, this

ratio is less than one, which means that the coefficient matrix of the LP (38) is more sparse

than that of (39). In particular, when the degree Jn of the polynomial basis is large, it

becomes close to zero, and solving the LP (39) to obtain our estimator is computationally

hard. A good news is that our numerical simulations in Section 5 and Appendix G show

that polynomials of degree at most 10 can approximate the underlying truth well. It turns

out that common LP solvers can compute our estimator efficiently in the cases of Jn ≤ 10.

It must be noted that the sparsity index is not a perfect measure, and it is possible
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that other special structures that could be exploited for computation can exist in the coef-

ficient matrix. The construction of more efficient algorithms and the investigation of their

computation complexity for the two estimators are left as future work.

F Validity of Assumptions IF, BB

We consider the validity of Assumptions IF, BB for cases where x = f(z) = (1, z, . . . , zp−1)′

for p ≥ 3 and Af = (ANC
f ,ALB

f ,A↑
f ,ACVX

f ,A↑ξ
f ). Similar restrictions, such as upper bounds,

decreasingness, and concavity, can be considered in the same way. We focus on cases where

Z is one-dimensional, but the analysis below can be extended to multidimensional covariates.

First, we consider Assumption IF. Suppose that supp(FZ) ⊂ [−B,B] for some B > 0.

Take A1, A2 > 0 such that A1 > A2B and A2 > 2B. Let

ΛIF
n =



A1 1 0 . . . 0

A2 0 0 . . . 0

1 0 0 . . . 0

0 0 0 . . . 0
...

...
...

. . .
...

0 0 0 . . . 0


∈ Rp×Jn .

Then, we first have

(ANC
f (ΛIF

n Dum
Jn(·)))(u, x) = x′ΛIF

n D
2
um

Jn(u) = 1 > 0

for all (u, x) ∈ [0, 1]×X . For (u, z, v) ∈ [0, 1]×Z × {±1}, we have

(ALB
f (ΛIF

n Dum
Jn(·)))(u, z) = f(z)′ΛIF

n Dum
Jn(u)

= A1 + A2z + z2 + u

≥ A1 − A2B

> 0,

(A↑
f (Λ

IF
n Dum

Jn(·)))(u, z) = (Dzf(z))
′ΛIF
n Dum

Jn(u)

= A2 + 2z

≥ A2 − 2B

> 0,
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and

(ACVX
f (ΛIF

n Dum
Jn(·)))(u, z, v) = D2

zf(z)
′ΛIF
n Dum

Jn(u) = 2 > 0.

Moreover, it can be verified that

(A↑ξ
f (Λ

IF
n Dum

Jn(·)))(u, x) = I

I − 1
> 0.

These (in)equalities imply Af (Λ
IF
n Dum

Jn(·)) + δ ∈ IntD(K).

From the same analysis, it can be shown that Assumption BB is satisfied for ΛBB
n = ΛIF

n .

G Choice of Jn

In Section 3, we show that the growth rate of the approximation degree Jn does not affect

the consistency of our estimator. Here, we examine how different choices of Jn influence its

finite-sample performance.

We first consider the following DGP:

Yi = X ′
i(α + γΦ−1(Ui)), Xi = (1, Zi)

′, (Zi, Ui) ∼ U [0, 1]⊗ U [0, 1]

for i = 1, . . . , n, where Φ−1 is the quantile function of the standard Gaussian distribution,

α = (1, 1)′ and γ = (1, 1)′. In this DGP, we have

β(u) =

(
1 + Φ−1(u)

1 + Φ−1(u)

)
.

We generate data from the DGP, estimate β using the proposed estimator with the

non-crossing constraint for Jn ∈ {2, 4, . . . , 14, 16}, and assess its performance using the

mean-squared loss defined in (16). This procedure is repeated 1000 times.

Figure 15 presents boxplots of the loss distributions across different values of Jn and

quantile levels. In the middle range of quantiles (0.1 ≤ u ≤ 0.9), the differences across Jn

are negligible. For extreme quantiles, the estimator with Jn = 2 performs noticeably worse

because it lacks sufficient flexibility to approximate the true function over the entire unit

interval. For larger degrees (e.g., Jn ≥ 6), the performance differences become minimal.

Next, we revisit the auction model discussed in Section 6 to examine how the choice

of Jn influences the estimates. Figure 16 displays the estimated bid and valuation quantile

regression coefficients for different values of Jn.While the estimators with Jn = 2, 4, 6 behave

somewhat differently due to limited approximation capacity, the estimates become similar
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Figure 15: Boxplot of the loss values for the estimators with Jn = 2, 4, · · · , 14, 16 at quantile
levels u = 0.01, 0.1, 0.3, 0.5, 0.7, 0.9, 0.99. The horizontal axis represents different pairs of an
estimator and a quantile level.

once Jn exceeds 6. This result indicates that the qualitative conclusions remain largely

unaffected as long as Jn is sufficiently large to approximate the true quantile regression

coefficient.

H Estimation of Production Functions

We apply the proposed method to a real dataset on production in Japan, using the 2020

Census of Manufacture provided by the Ministry of Economy, Trade and Industry. Our

analysis focuses on establishments with thirty or more persons engaged in the production of

textile products. Value added is used as the measure of output, the number of employees

as labor, and the book value of tangible fixed assets at the end of the year as capital. The

dataset provides these variables at the prefecture level. Let Yi, Li, and Ki denote output,

labor, and capital, respectively. The sample consists of 43 observations; although Japan has

47 prefectures, data for the remaining four are unavailable because the number of target

establishments there is insufficient for disclosure.

This analysis is motivated by Doty and Song (2021), who extend Ackerberg et al. (2015)

to cases where ex-post production shocks enter the production function non-additively. They
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Figure 16: Bid (top) and valuation (bottom) quantile regression coefficient estimates. Esti-
mates with Jn = 2, 4, · · · , 14, 16 are shown.

develop an identification and estimation framework based on quantile regression, proposing

a two-step procedure: first, they remove simultaneity bias using instruments as in Ackerberg

et al. (2015); second, they estimate the quantile production function using the debiased

outcomes. For simplicity, we focus on the second step, assuming that simultaneity bias is

not severe in our application.

Cobb-Douglas specification. First, we consider the Cobb-Douglas production function

with heterogeneous coefficients. The model is specified as follows:

log Yi = h1(logLi, logKi, Ūi) := β0(Ūi) + β1(Ūi) logLi + β2(Ūi) logKi,

where Ūi ∼ U [0, 1] satisfies the mean independence condition:

E[logLi | Ūi] = E[logLi] and E[logKi | Ūi] = E[logKi].

To interpret Ūi as a latent index of productivity, we assume that u 7→ β0(u) + β1(u) log ℓ +
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β2(u) log k is strictly increasing. Under these assumptions, the quasi-linearity (Assumption

QL) holds by Lemma 2.2, and hence, β = (β0, β1, β2)
′ is characterized as the solution to

the check loss function (4). Notice also that the classical Cobb-Douglas production function

(e.g., Zellner et al. (1966)), where β1 and β2 are constant and Ūi is independent of the input

variables, is a special case of this specification.

As a benchmark, we first estimate β using the estimator of Koenker and Bassett (1978).

Figure 17 reports the contour plots of the estimated production functions (log ℓ, log k) 7→
β0(u) + β1(u) log ℓ + β2(u) log k for the five quantile levels u = 0.1, 0.3, 0.5, 0.7, 0.9. The

contour lines are shown only on a neighborhood of the region where the data are observed.

The contour lines in the panel for u = 0.1 indicate that for a fixed labor input, an increase

in capital input decreases output, which is highly counter-intuitive and makes little sense.

Moreover, it can be inferred that the quantile crossing problem occurs by comparing the

panels for u = 0.1 and u = 0.3. This is incompatible with the interpretation that Ūi is an

index for productivity.

Figure 17: Koenker and Bassett (1978) under the Cobb-Douglas specification.

Next, we estimate β using the proposed estimator with the non-crossing condition and

the monotonicity in the input variables. The same contour plots are provided in Figure 18.

We can observe that increasing capital always increases output even in the panel for u = 0.1,

unlike the estimates by Koenker and Bassett (1978).

More interestingly, our estimates have some implications for the output elasticities of

the input variables, recalling that the output elasticities of labor and capital are given by

∂h1(log ℓ, log k, u)

∂ log ℓ
= β1(u) and

∂h1(log ℓ, log k, u)

∂ log k
= β2(u),

respectively. It is observed that β̂n,1 declines while β̂n,2 is rises. In other words, as the

productivity increases, additional capital becomes relatively more beneficial and additional

labor relatively less so.

Third-order translog specification. In order to model the elasticity of substitution
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Figure 18: Our estimator under the Cobb-Douglas specification.

more flexibly, researchers often choose the translog production function instead of the Cobb-

Douglas specification. See, for example, Kmenta (1967), León-Ledesma et al. (2010), and

Gechert et al. (2022). Allowing for heterogeneous coefficients as the Cobb-Douglas specifi-

cation above, we consider

log Yi = h3(logLi, logKi, Ūi) :=
∑
p,q≥0

0≤p+q≤r

βp,q(Ūi)(logLi)
p(logKi)

q.

where Ūi ∼ U [0, 1] satisfies the mean independence condition

E
[
(logLi)

p(logKi)
q | Ūi

]
= E [(logLi)

p(logKi)
q]

holds for all (p, q) such that 0 ≤ p + q ≤ r. In the following analysis, we choose r = 3. As

above, under the assumption that the map u 7→ h3(log ℓ, log k, u) is strictly increasing, the

Assumption QL is satisfied.

Figure 19 shows the contour plots estimated using the method of Koenker and Bas-

sett (1978). The non-monotonicity of the estimated production function with respect to

the input variables is more pronounced than in the Cobb–Douglas specification presented

above. Near the boundaries of, or outside, the data support, the estimates become highly

unstable. As a result, it is difficult to draw meaningful or policy-relevant implications from

these estimates.

Next, we consider the proposed estimator. Since it is reasonable to presume that the

output is an increasing function of labor and capital, respectively, we impose the restriction

the map (log ℓ, log k) 7→ h3(log ℓ, log k, u) is increasing in both variables

as well as the non-crossing condition on the estimator.

Figure 20 presents the contour plots obtained using the proposed estimator. In contrast

80



Figure 19: Koenker and Bassett (1978) under third-order translog specification.

to the results of Koenker and Bassett (1978), the estimated production function satisfies the

monotonicity in both labor and capital inputs. Moreover, the nonlinear specification allows

the substitution pattern to vary with the levels of the inputs. In particular, prefectures with

low labor input tend to exhibit lower output elasticity of capital, indicating that capital is

less productive when labor is scarce.

Figure 20: Our estimator under third-order translog specification.
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